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Abstract: 

Educational large-scale assessments measure domain-specific competencies and general cog-

nitive abilities to monitor and evaluate educational processes within and across countries. In 

these studies, competence scores are typically represented by plausible values (PVs), which 

allow for the analysis of latent effects while accounting for measurement error. However, a 

challenge in PVs estimation is the appropriate handling of hierarchical data structures, where 

students (Level 1) are clustered within schools (Level 2). In practice, either the clustering is 

ignored or group-specific indicators are included, which may introduce bias if the hierarchical 

structure is not adequately accounted for. This study employs simulation studies to systemati-

cally compare four modeling approaches: (1) ignoring the hierarchical structure, (2) incorpo-

rating random effects, (3) incorporating fixed effects using indicators, and (4) applying fixed 

effects via group-specific mean scores. These approaches were evaluated under a data-generat-

ing process where proficiency scores were generated using a random-intercept model with in-

dividual-level covariates. Only models that incorporated the hierarchical structure in both the 

background and analysis model produced unbiased estimates of regression parameters and var-

iance components. Random effects and fixed-effects approaches were suitable when consist-

ently specified across both stages, whereas models that only partially accounted for clustering 

introduced systematic bias, distorted standard errors, and miscalibrated confidence intervals. 

These findings underscore that valid inferences from PV require alignment between back-

ground and analysis models, highlighting the methodological necessity of consistently model-

ing hierarchical structures in large-scale assessments. 
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Consequences of Hierarchical Data Structures for the Estimation 

of Plausible Values 
 

Hierarchical data structures are frequently observed in social and behavioral sciences, 

as individuals are often nested within higher-order clusters (Ma, Ma & Bradley, 2008; 

Mang, Küchenhoff, Meinck & Prenzel, 2021). In educational research, for example, 

students are typically nested within classrooms or schools. Statistical analyses that fail 

to account for this hierarchical structure can lead to biased parameter estimates and 

standard errors (Finch & French, 2011), for example, because the assumption of in-

dependently and identically distributed errors is violated in regression models. Edu-

cational research typically focuses on competencies and general cognitive abilities of 

students that are conceived as latent variables, which cannot be directly observed but 

need to be inferred from manifest indicators. Measurement error in these estimates is 

often addressed using plausible values (PVs), which represent random draws from a 

respondent’s posterior predictive proficiency distribution (Wu, 2005). Despite their 

widespread use, it remains unclear how a hierarchical data structure affects PV esti-

mation. Current practice typically either ignores the hierarchical structure or applies 

fixed effects via cluster indicators in the background model. However, both ap-

proaches may introduce bias if they fail to properly account for clustering effects.  

To address this issue, this article systematically evaluates four modeling approaches 

for hierarchical data structures in the estimation of PVs: 1) ignoring the hierarchical 

structure, 2) incorporating random effects, 3) using fixed effects via group-specific 

indicators, and 4) applying fixed effects via cluster-specific mean scores. These four 

modeling approaches are compared in a simulation study using generated data map-

ping data structures typically found in large-scale assessments. Based on the findings 

of the study, practical guidance for improving the analysis of educational data is pro-

vided to ensure more accurate inferences when working with PVs in a hierarchical 

context. 

 

Hierarchical Data Structures 

In many behavioral, social, and educational sciences, traditional statistical methods 

often assume independent observations, despite the prevalence of hierarchical data 

structures (Gill & Womack, 2013; O’Connell & McCoach, 2008). In educational re-

search, students are frequently nested within classrooms that vary with respect to con-

textual factors such as class dynamics and teaching quality. As a result, students 

within the same classroom are likely to share more similarities in psychological traits, 

including domain-specific competencies, compared to students from different class-

rooms. This hierarchical structure contradicts the independence assumption funda-

mental to many statistical methods. When hierarchical data structures are ignored and 

standard single-level models are used, the estimates of model parameters and their 

standard errors may be biased, leading to inaccurate inferences (Finch & French, 
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2011; Moerbeek, 2004; Snijders & Bosker, 2012; Townsend, Buckley, Harada & 

Scott, 2013). Despite these well-documented consequences of ignoring hierarchical 

data structures, many analyses of educational assessment data still rely on traditional 

single-level models (Miyazaki, Chungbaek, Shropshire & Hedeker, 2019). When hi-

erarchical structures are incorporated into the statistical model, two primary ap-

proaches can be distinguished: random effects and fixed effects models. The random 

effects model treats group-specific components as random variables, while the fixed 

effects model estimates unit-specific components as distinct parameters (Gelman & 

Hill, 2006; Townsend et al., 2013). 

 

Random Effects Approach  

Consider the simple linear regression model in (1), where 𝑦𝑖𝑗 denotes the outcome for 

the 𝑖th subject in the 𝑗th group, and 𝑥𝑖𝑗  is the corresponding predictor. The hierarchical 

structure is captured by two residual components, level 1 residual 𝜀𝑖𝑗 and level 2 re-

sidual 𝑢0𝑗. 

                    𝑦𝑖𝑗 =  𝛽0𝑗 + 𝛽10𝑥𝑖𝑗 +  𝜀𝑖𝑗 =  (𝛽00 +  𝑢0𝑗) + 𝛽10𝑥𝑖𝑗 + 𝜀𝑖𝑗                        (1) 

In equation (1), 𝛽0𝑗 represent the group-specific intercept, while 𝛽10is the group-in-

dependent regression coefficient for 𝑥𝑖𝑗 . Specifically, the group-specific intercept 𝛽0𝑗 

is decomposed into an overall average intercept 𝛽00 and a group-dependent deviation 

𝑢0𝑗. The random effects model assumes strong exogeneity, meaning that the level 1 

errors satisfy 𝐸(𝜀𝑖𝑗|𝑥𝑖𝑗) = 𝐸(𝜀𝑖𝑗) = 0, and it further requires conditional mean inde-

pendence of the group-specific effects, so that 𝐸(𝑢0𝑗|𝑥𝑖𝑗) =  (𝑢0𝑗) = 0 

(Wooldridge, 2010). This assumption implies that 𝑢0𝑗 is orthogonal to both 𝜀𝑖𝑗 and 

the predictors 𝑥𝑖𝑗  (Townsend et al., 2013). Consequently, both 𝜀𝑖𝑗 and 𝑢0𝑗 are assumed 

to be independently and normally distributed with means of zero and variances 𝜎𝜀
2 and 

𝜎𝑢0
2 , respectively. Thus, the random intercept model in (1) can effectively account for 

the mean-level variation in the outcome across different groups. 

 

Fixed Effects Approach  

The fixed effects approach overcomes the need to specify a distribution for group-

specific intercepts by incorporating dummy variables for each group. In its most 

straightforward form, the model is specified as: 

𝑦𝑖𝑗 =  𝛽00 + 𝛽10𝑥𝑖𝑗 + ∑ 𝑢0𝑗′

𝐽

𝑗′=2

𝐼{𝑗 = 𝑗′} + 𝜀𝑖𝑗 (2) 
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In equation (2), the indicator function 𝐼 {𝑗 = 𝑗′} assigns a unique deviation 𝑢0𝑗′ to 

each group (with the first group serving as the reference category), thereby modeling 

𝐽 − 1 group level effects. Compared to the random effects model, the fixed effects 

specification allows for potential correlations between the group effect 𝑢0𝑗 and other 

covariates by relying on the assumption of strict exogeneity (Townsend et al., 2013). 

However, since fixed effects estimates are derived solely from within-group variation 

they can be more sensitive to violations of this assumption (Johnston & DiNardo, 

1997). Despite this, fixed effects models are often favored in practice because they 

automatically control for unobserved, homogeneous group-specific confounding, a 

crucial advantage given the challenges of measuring every individual’s personal his-

tory in large scale assessments. A notable limitation of this approach is that the num-

ber of predictor parameters increases with the number of groups. In large-scale as-

sessments, where data may be collected from several hundred schools, this can lead 

to an unwieldy predictor set.  

As an alternative, the hierarchical structure can be approximated by incorporating a 

single group-level covariate zj = M (y.j), representing the cluster-specific mean: 

                                       𝑦𝑖𝑗 =  𝛽00 + 𝛽10𝑥𝑖𝑗 +  𝛽20𝑧𝑗 + 𝜀𝑖𝑗.                                         (3) 

While this alternative approach (sometimes referred to as criterion scaling; Beaton, 

1969) has been applied in some contexts (e.g., Scharl & Zink, 2022; Yin, Bezirhan, 

Fishbein & Foy, 2023), it is not frequently used.  

 

Comparison of Random and Fixed Effects Models  

The choice between fixed and random effects models carries important implications 

for inferences, estimation efficiency, and generalizability. Townsend et al. (2013) 

summarize the distinction between the two approaches as a bias-variance trade off: 

Fixed effects estimators are unbiased even when unobserved group-specific factors 

correlate with observed covariates, whereas random effects estimators are more effi-

cient but rely on the stronger assumption that these group-specific components are 

uncorrelated with the predictors and a drawn from a common distribution. A key 

drawback of fixed effects models is their reliance on within-group variation alone, 

which substantially reduces degrees of freedom, especially when the number of 

groups is large and there is a small number of within-group observations (Townsend 

et al., 2013). In contrast, random effects models assume that group-level effects are 

independent of the covariates and drawn from a common distribution (Snijders, 2005; 

Wooldridge, 2010). Under this assumption, they yield more efficient estimates by 

combining within- and between-group information (Townsend et al., 2013). The re-

sulting shrinkage of group effects toward the overall mean, referred to as partial pool-

ing, stabilizes estimates, particularly in settings with few clusters or small cluster sizes 

(Snijders, 2005; Townsend et al., 2013).  
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Plausible Values 

A further challenge in educational and social science research is that key psychologi-

cal constructs, such as cognitive abilities, cannot be directly observed, but are con-

founded by measurement errors.  Fox (2005) argued that measurement error and hier-

archical dependency should be modeled simultaneously within multilevel IRT frame-

works, as treating observed test scores as error-free variables may distort resulting 

analyses.  

In large scale assessments like the Programme for International Student Assessment 

(PISA) and the Trends in International Mathematics and Science Study (TIMSS), stu-

dent abilities are commonly estimated using PVs. The PVs methodology enables pop-

ulation-level estimation of student proficiencies by generating multiple imputed val-

ues for each individual’s latent ability (Mislevy, 1991; Wu, 2005). According to Wu 

(2005), a key advantage of this approach, compared to point estimates, is its ability to 

account for measurement error, thereby providing a more reliable representation of 

the underlying latent trait. In contrast, point estimates such as weighted likelihood 

estimates (WLEs; Warm, 1986) assign a single ability score to each total test score, 

disregarding the uncertainty inherent in the measurement process. Consequently, they 

produce discrete and systematically biased representations of the population distribu-

tion, particularly for variance and percentile estimates, whereas PVs allow for an un-

biased recovery of these parameters (Wu, 2005). The PVs approach is conceptually 

rooted in multiple imputation (Rubin, 1987; see also Jewsbury, Jia & Gonzalez, 2024), 

treating the unobserved latent proficiency as a special case of a missing value (Little 

& Rubin, 2002). For each individual 𝑖, multiple PVs are drawn from the posterior 

predictive distribution of the latent proficiency 𝜃𝑖 (Mislevy, 1991), conditional on the 

individual’s item responses Yi, the parameters of the scaling model ξ, and relevant 

background variables Xi. This posterior distribution of θ𝑖 is given by: 

𝑃(θ𝑖|𝑌𝑖 , 𝑋𝑖;  𝝃, 𝝍)  ∝ 𝑃(𝑌𝑖|θ𝑖; 𝝃) ∙ 𝑃(θ𝑖|𝑋𝑖;  𝝍) (4) 

where 𝑃(𝑌𝑖|θ𝑖; 𝝃) represents the scaling model that links the latent ability θ𝑖 to the 

item responses, and 𝑃(θ𝑖|𝑋𝑖; 𝝍) that represents the population model, describing the 

distribution of θ𝑖 as a function of background variables (Mislevy, 1991; Mislevy, 

Johnson & Muraki, 1992).    

The scaling model is typically specified as an item response theory model expressing 

the probability of an individual 𝑖 ∈ {1, … , 𝐼}  responding to a set of items 𝑔 ∈
{1, … , 𝐺} as: 

𝑃(𝑌𝑖|θi;  𝝃) =  ∏ 𝑃(𝐺
𝑔=1 𝑦𝑖𝑔|θi; 𝜉𝑔). (5) 

For dichotomous items with constant slopes, item response theory model is the Rasch 

Model (Rasch, 1960), which is widely used in large-scale assessments modeling the 

probability of a correct response as a function of the person’s ability θi and the diffi-

culty 𝜉𝑔 of item 𝑔:  
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𝑃(𝑌𝑖𝑔 = 1|θi, 𝜉𝑔) = 𝑙𝑜𝑔𝑖𝑡−1(θi −  𝜉𝑔) (6) 

In contrast, the analysis model is often formulated as a linear regression:  

                                        P(θ_i│X_i;ψ)  ∝N(ψ_0+ψ'X_i; σ_(θ_i |X_i)^2) (7) 

where 𝝍0 is the intercept, 𝝍 is a vector of regression coefficients associated with the 

background predictors 𝑋𝑖, and 𝜎θ𝑖|𝑋𝑖

2  is the conditional variance. A central challenge 

in the estimation of PVs lies in correctly specifying the posterior distribution from 

which the PVs are drawn. Adams, Wilson and Wu (1997) conceptualized PV estima-

tion within a latent regression framework in which the posterior distribution of profi-

ciency depends jointly on the IRT Model and the background model. Their work 

demonstrated that the specification of the background model is an integral component 

of proficiency estimation and subsequent regression inference.  

Building on this framework, the present study investigates how different specifica-

tions of hierarchical background models affect PV estimation and subsequent infer-

ence. It has been shown that if the hierarchical data structure is ignored in the posterior 

distribution, between-cluster variance estimates will be biased, which can subse-

quently affect intraclass correlations, standard errors and statistical inference in sec-

ondary multilevel analyses (Jehangir & Fox, 2025; Li, Oranje & Jiang, 2009; Monseur 

& Adams, 2009). Recent work has further highlighted the methodological challenges 

of combining PVs, multilevel structures and complex sampling designs in secondary 

analyses of large-scale assessments (Huang, 2024). To account for clustering in the 

background model, it can be extended to incorporate clustering either by including 

random effects, as in model (1), or fixed effects, as in models (2) and (3). Zheng 

(2024) compared several approaches for incorporating multilevel structures into PV 

generation. The study showed that fixed-effects and interim-mean approaches can ad-

equately support random intercept models, whereas random slope models require 

more comprehensive conditioning strategies. However, Zheng (2024) primarily fo-

cused on the feasibility of different PV generating mechanisms for supporting multi-

level analyses. Less attention has been given to how alternative hierarchical back-

ground model specifications affect PV-based statistical inference across varying ana-

lytic conditions and modeling strategies. More generally, the background model and 

the analysis model must be congenial, implying that all covariates relevant for the 

intended secondary analyses should also be included in the background model in their 

correct functional form. Otherwise, biased parameter estimates may result in subse-

quent analyses (Meng, 1994; Bondarenko & Raghunathan, 2016). 
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Objectives of the Present Study 

Hierarchical data structures are prevalent in social and educational research (Gill & 

Womack, 2013; O’Connell & McCoach, 2008). Although there is broad agreement 

that hierarchical structures should be incorporated in the estimation of PVs (Enders, 

Mistler & Keller, 2016; Li, Oranje & Jiang, 2009; Monseur & Adams, 2009), there is 

a lack of systematic research on how best to incorporate these structures and on the 

potential consequences of ignoring them. Zheng (2024) demonstrated that while full 

multilevel latent regression models can in principle recover both random intercepts 

and slopes, they are less common in large-scale assessment operations due to higher 

computational demands. Instead, single-level conditioning methods were evaluated as 

practical approximations. These performed adequately for random-intercept models 

but failed to recover random-slope variance, with the interim-mean-and-slope method 

showing some promise but systematically overestimating slope variance. The simula-

tions in that study were based on a 2PL model with continuous variables. By contrast, 

our study, based on Rasch-model data with dichotomous items and both continuous 

and dichotomous variables, uses hierarchical modelling as a central component to sys-

tematically assess the consequences of ignoring or only partially modelling hierar-

chical structures during PVs estimation. Moreover, our analyses are fully reproduci-

ble, whereas the model code in Zheng’s study was not released. Building on this, we 

evaluate four modelling strategies for handling the hierarchical data structure in PVs 

estimation: random effects, two forms of fixed effects, and a baseline model that ig-

nores clustering. These strategies are systematically varied both in the background 

model for PV estimation and in the subsequent analysis model. Additionally, we com-

pare PVs to WLEs to assess whether WLEs combined with multilevel analysis out-

perform PVs generated under misspecified models. 

 

 

Methods 

A simulation was conducted to investigate the effects of including or ignoring a two-

level hierarchical structure in both the proficiency estimation and the subsequent anal-

ysis of research questions using PVs. The simulated data structure was designed to 

resemble typical applications of hierarchical data in large scale assessments such as 

PISA and TIMSS, with students (Level 1) nested within classes (Level 2). The specific 

data-generating process is described in detail in the following section. 

 

Experimental Design 

To evaluate the impact of hierarchical data structures on both the estimation of PVs 

and subsequent analyses, this study manipulated two design factors: the background 
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model used in PV estimation and the analysis model based on these PVs. For each 

factor, the hierarchical structure was either ignored or explicitly modeled. In the back-

ground model, the simulated hierarchical structure was handled in four ways: (1) by 

disregarding it entirely, or by incorporating it through (2) a random effects model (see 

Equation 1), (3) a fixed effects model using group indicator variables (see Equation 

2), and (4) a fixed effects model including group-specific mean scores (see Equation 

3). In the analysis model used for PVs estimation, the hierarchical structure was either 

ignored or incorporated using a random effects approach. Additionally, to assess the 

influence of the hierarchical structure also in relation to point estimates, WLEs were 

computed and the hierarchical data structure in the following analysis was either ig-

nored or included using random effects. 

 

Data Generation 

For each replication of the simulation, a dataset consisting of I = 4,000 students nested 

within J = 20 classes was generated. Each student responded to G = 20 dichotomous 

items following the Rasch model. In total, 1,000 datasets were simulated. The latent 

proficiency θij of person i in group j was generated according to 

𝜃𝑖𝑗 = 𝛽0 + 𝛽1𝑋1 + 𝛽2𝑋2 + 𝛽3𝑋1𝑋2 + 𝑢𝑗 + 𝜀𝑖𝑗, (8) 

where uj represents the group-specific residual and εij the person-specific residual. For 

each person ij, the continuous person-level covariate X1 was randomly drawn from a 

standard normal distribution, and the dichotomous person-level covariate X2 from a Ber-

noulli distribution with p = .5. Group residuals uj were sampled from a normal distribu-

tion with the mean of zero and a standard deviation of 0.7.  Individual proficiency values 

θij were then randomly drawn from a normal distribution with the mean specified by the 

regression model in Equation (8) and a standard deviation of 1.0. The intercept was fixed 

to 𝛽0 = 1.0, and all regression coefficients (𝛽1, 𝛽2, 𝛽3) were set to .20, reflecting me-

dium effects in educational research (Kraft, 2020). Conditional on these latent profi-

ciency values, item responses were generated according to the Rasch model, where item 

difficulties 𝜉𝑔 were equally spaced between -1 and 1 with an average difficulty of 0. 

 

Model Estimation  

All analyses were conducted using R (R Core Team, 2024). The code for simulating 

the data and reproducing the reported results is available at https://osf.io/4vywh/. For 

each simulated dataset, four alternative background models were estimated. From 

each model, 100 PVs were drawn from the posterior distribution of the latent profi-

ciency. As an alternative point estimate approach, WLEs were estimated under the 

Rasch model. Subsequent regression analyses either ignored the hierarchical structure 

or modeled it using random effects. Analyses based on PVs were combined using 

Rubin’s rules (Rubin, 1987).  

https://osf.io/4vywh/
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Performance Criteria 

The accuracy and efficiency of the different estimators were assessed using various 

evaluation criteria, including relative percent bias, relative error in model standard 

error, and the coverage rate of 95% confidence intervals. Additional criteria, such as 

bias, mean squared error, convergence, and Monte Carlo standard error, are reported 

in the supplement. The relative bias is calculated as the mean difference between the 

estimated and true parameters across all replications, divided by the true parameter, 

and multiplied by 100. A relative bias below 5 % is typically considered acceptable 

(Hoogland & Boomsma, 1998). The relative model standard error depicts the relative 

deviation of the average model standard error (model SE) from the empirical standard 

error (empirical SE) of the model coefficients. It was estimated using the equation 

following Morris, White and Crowther (2019):  

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑚𝑜𝑑𝑒𝑙 𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑒𝑟𝑟𝑜𝑟 = (
𝑚𝑜𝑑𝑒𝑙 𝑆𝐸

𝑒𝑚𝑝𝑖𝑟𝑖𝑐𝑎𝑙 𝑆𝐸
− 1) × 100.  

(9) 

In this study, a relative percentage error in model standard error below 10 % was 

viewed as acceptable. The coverage rate represents the percentage that the true pa-

rameter falls within the estimated 95 % confidence interval across all replications.  

 

 

Results  

We evaluated the performance of different PVs estimation approaches comparing 

models based on the relative percent bias, relative model standard error, and coverage. 

All models converged successfully; convergence diagnostics are reported in the sup-

plementary material. Results for the bias, mean squared error and Monte Carlo stand-

ard error are also provided in the supplementary material. 

 

Relative Bias in Parameter Estimates 

Table 1 summarizes the relative bias of regression coefficients and variance compo-

nents across different model specifications. When both the background and analysis 

models in the PVs estimation ignored the hierarchical structure, regression coeffi-

cients were nearly unbiased, but the residual variance was overestimated by 47.26 %. 

Similar distortions occurred when clustering using random effects was included only 

in the background model. Including random effects only in the analysis model reduced 

bias in the residual variance to 16.87 % but led to a substantial underestimation of the 

random intercept variance (–34.73 %). Thus, misspecification at either stage resulted 

in substantial bias in variance components. When both the background and analysis 

models incorporated random effects, all parameters were estimated with minimal bias. 
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Models using fixed effects via cluster means and cluster indicators yielded compara-

ble results. When clustering was ignored in the analysis model, residual variance bias 

remained high (46.69 %), but regression coefficients were nearly unbiased. Combin-

ing this background model with random effects in the analysis model eliminated this 

problem and produced variance component estimates that were comparably accurate 

to those obtained from the fully specified random effects model. Ignoring the hierar-

chical structure in the analysis model again resulted in large residual variance bias. In 

a final step, we compared these approaches with analyses based on WLEs. Here, per-

formance deteriorated: when clustering was ignored in the analysis model, regression 

coefficients showed somewhat larger, though still acceptable, bias, while the residual 

variance was heavily overestimated (77.12 %). Including random effects in the anal-

ysis reduced the residual variance bias to 32.53 %, but regression coefficients and 

random intercept variance were recovered within acceptable bounds. 

 

Table 1  

Relative Percent Bias of Parameter Estimates  

 

Back-

ground 

Model 

Analy-

sis 

Model 

PV or 

WLE 
Intercept 𝜷𝟏 𝜷𝟐 𝜷𝟑 

Resid-

ual 

Vari-

ance 

Ran-

dom In-

tercept 

Vari-

ance 

NO NO PV -0.05 -0.03 0.15 0.39 47.26  

NO RE PV -0.03 -0.03 -0.04 0.45 16.87 -34.73 

RE NO PV 0.02 -0.04 0.20 0.40 47.39  

RE RE PV 0.04 -0.05 0.00 0.52 1.13 -0.66 

CM NO PV -0.11 -0.11 0.01 0.19 46.69  

CM RE PV -0.07 -0.24 -0.36 0.16 -0.36 1.06 

CI NO PV -0.06 -0.04 0.16 0.40 47.04  

CI RE PV -0.04 -0.05 -0.09 0.49 -0.26 1.59 

- NO WLE -1.08 -1.99 -3.50 -3.58 77.12  

- RE WLE -1.07 -2.00 -3.74 -3.49 32.53 -3.92 

Note: NO = no multilevel structure; RE = random effects; CM = fixed effects using cluster means; 
CI= fixed effects using cluster indicators; PV = Plausible Values; WLE = Weighted Likelihood 
Estimate; 𝛽1 − 𝛽3 = regression coefficients for the continuous variable, dichotomous variable and 
their interaction, respectively. 

 



HIERARCHICAL PLAUSIBLE VALUES 
87 

Relative Model Standard Error  

Table 2 presents the error of the relative model standard errors. When both background 

and analysis models ignored the hierarchical structure, the model standard error of the 

intercept was severely underestimated (–81.13 %), whereas the regression coefficients 

only showed small deviations between –3.40 % and –0.60 %. A similar pattern occurred 

when clustering was included only in the background model, whether via random effects, 

cluster means or cluster indicators, without accounting for it in the analysis model. When 

the analysis model incorporated random effects, but the background model ignored the 

hierarchical structure, the results improved slightly compared to fully ignoring clustering. 

However, the intercept standard error remained underestimated by almost 20 %, indicating 

that correcting for clustering only at the analysis stage was insufficient to fully recover 

accurate inference. When both background and analysis models accounted for the hierar-

chical structure, using any hierarchical specification in the background model combined 

with random effects in the analysis, deviations were minimal across all parameters. WLE-

based analyses showed the same pattern: ignoring clustering led to a strong underestima-

tion of the intercept standard error, while the regression coefficients deviated only slightly. 

Including random effects in the analysis corrected the intercept estimate and further re-

duced the errors for the regression coefficients.  

 

Table 2  

Relative Model Standard Error in Percent 

 

Back-

ground 

Model 

Analysis 

Model 

PV or 

WLE 
Intercept 𝜷𝟏 𝜷𝟐 𝜷𝟑 

NO NO PV -81.13 -2.82 -3.40 -0.60 

NO RE PV -17.64 1.47 2.81 4.73 

RE NO PV -81.28 -3.23 -4.52 -1.17 

RE RE PV 0.65 -4.57 -3.48 -1.20 

CM NO PV -81.28 -3.50 -4.19 -1.29 

CM RE PV 1.81 -5.05 -3.56 -1.42 

CI NO PV -81.26 -3.49 -4.33 -1.39 

CI RE PV 1.99 -5.22 -3.85 -1.65 

- NO WLE -80.71 -1.14 -1.76 1.49 

- RE WLE 1.22 -1.49 -0.30 1.83 
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Note: NO = no multilevel structure; RE = random effects; CM = fixed effects using cluster means; 
CI= fixed effects using cluster indicators; PV = Plausible Values; WLE = Weighted Likelihood 
Estimate; 𝛽1 − 𝛽3 = regression coefficients for the continuous variable, dichotomous variable and 

their interaction, respectively. 

 

Coverage Percentage 

Table 3 presents the coverage rates of the 95 % confidence intervals. Across nearly 

all specifications, the regression coefficients achieved coverage rates close to the 

nominal 95 %, indicating adequate performance. In contrast, the intercept showed se-

vere undercoverage whenever the hierarchical structure was not accounted for in the 

analysis model, with values around 27 %. Once random effects were included in the 

analysis, coverage for the intercept improved markedly (around 93 %), regardless of 

the specification used in the background model. WLE-based analyses followed the 

same pattern, with substantial undercoverage of the intercept when clustering was ig-

nored and adequate coverage when random effects were included. 

 

Table 3  

Coverage Rates in Percent 

 

Back-

ground 

Model 

Analy-

sis 

Model 

PV or 

WLE 
Intercept 𝜷𝟏 𝜷𝟐 𝜷𝟑 

NO NO PV 27.10 94.00 93.80 94.90 

NO RE PV 87.80 95.50 96.40 96.10 

RE NO PV 27.57 94.37 93.86 94.67 

RE RE PV 93.26 94.06 94.97 95.37 

CM NO PV 27.00 94.40 93.90 94.80 

CM RE PV 93.30 94.00 95.20 94.90 

CI NO PV 27.50 94.20 94.00 94.70 

CI RE PV 93.40 94.00 95.20 95.10 

- NO WLE 27.20 94.40 93.30 95.50 

- RE WLE 93.19 94.29 94.39 94.29 

Note: NO = no multilevel structure; RE = random effects; CM = fixed effects using cluster means; 
CI= fixed effects using cluster indicators; PV = Plausible Values; WLE = Weighted Likelihood 
Estimate; 𝛽1 − 𝛽3 = regression coefficients for the continuous variable, dichotomous variable and 
their interaction, respectively. 
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Discussion  

Many research questions in educational sciences are investigated using data from 

large-scale assessments with PVs (e.g., PISA & TIMSS). Due to the sampling design, 

these data typically include a hierarchical structure (Gill & Womack, 2013; O’Connell 

& McCoach, 2008), and several studies have highlighted the risks of ignoring this 

structure in PV estimation (Enders, Mistler & Keller, 2016; Li, Oranje & Jiang, 2009; 

Monseur & Adams, 2009). Although Zheng (2024) recently proposed innovative sin-

gle-level approaches to generate PVs suitable for random-slope models, important 

gaps remain. Zheng’s simulations were based on a 2PL framework with continuous 

covariates and primarily focused on methodological innovations for handling slope 

heterogeneity, without providing replicable model code. Moreover, the study did not 

systematically investigate the consequences of misspecifying the hierarchical struc-

ture in either the background model or the subsequent analysis model. In contrast, the 

present study systematically varied the specification of both the background and anal-

ysis model under a Rasch model framework with both dichotomous and continuous 

covariates, thereby reflecting data conditions and common analytical practices typi-

cally encountered in large-scale assessments such as PISA, and TIMSS. Consistent 

with Zheng’s findings, our results show that regression coefficients are generally ro-

bust, whereas variance components and standard errors are highly sensitive to mis-

specification of the hierarchical structure. Across conditions, unbiased estimates, ac-

curate standard errors, and nominal coverage were obtained only when the hierar-

chical structure was appropriately represented in both the background and analysis 

model. This was achieved not only by random-effects specifications, but also by fixed-

effects approaches using cluster indicators or cluster means in the background model 

when combined with random-effects analyses. In contrast, analyses based on WLEs 

yielded less accurate results overall. Thus, this study complements Zheng’s contribu-

tion by offering practice-oriented guidance for researchers working with conventional 

hierarchical models in realistic assessment contexts.  

An important finding of the present study is that accounting for clustering only during 

the secondary analysis was insufficient to fully recover accurate inference when the 

background model ignored the hierarchical structure. Although including random ef-

fects in the analysis substantially improved results compared to completely ignoring 

clustering, notable distortions remained, particularly for the intercept standard error 

and coverage. For example, when clustering was ignored during PV generation but 

modeled in the analysis, the intercept standard error remained underestimated by ap-

proximately 18%, and coverage did not fully recover to nominal levels. Importantly, 

these effects emerged despite the comparatively simple simulation design involving 

only two hierarchical levels and the random intercept structure. This suggests that the 

consequences of ignoring clustering during PV generation may be even more pro-

nounced in more complex large-scale assessment settings. From a practical perspec-

tive, the findings indicate that researchers should account for hierarchical dependen-

cies already during PV estimation whenever hierarchical data structures are present in 

the target population. Including hierarchical data structure only during the secondary 
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analysis improved performance substantially, but was insufficient to fully recover ac-

curate standard errors and nominal coverage. Importantly, accurate inference could be 

achieved not only through random-effects background models, but also through fixed-

effects approaches using cluster indicators or cluster means, provided that the subse-

quent analysis appropriately accounted for clustering. These findings can be explained 

by the theoretical foundations of PV estimation. The posterior distribution of ability 

is proportional to the product of the item response model and the background model 

(Mislevy, 1991; Wu, 2005). If the background model does not reflect the true hierar-

chical data structure, the posterior distribution of PVs will be distorted and lead to 

biased inferences (Wu, 2005). In line with this reasoning, our results showed that only 

when the hierarchical structure was specified consistently in both the background and 

the analysis model were unbiased estimates, accurate standard errors, and nominal 

coverage obtained. This confirms prior work on multiple imputation, which empha-

sizes that the imputation model must be congenial with the analysis model to avoid 

bias (Bondarenko & Raghunathan, 2016; Meng, 1994). The robustness of regression 

coefficients across conditions is also in line with theoretical expectations: when 

group-level effects are orthogonal to individual-level covariates, omitting clustering 

does not bias regression estimates (Wooldridge, 2010). The observed distortions in 

variance components and uncertainty estimates are consistent with previous multi-

level IRT research showing that ignoring hierarchical dependencies and measurement 

error can lead to biased variance estimation and inaccurate statistical inference (Fox, 

2005). Finally, our results underscore that PV-based analyses outperform analyses 

based on weighted likelihood estimates across conditions, likely because PVs explic-

itly account for measurement error and are designed to recover the full latent ability 

distribution (Wu, 2005; Monseur & Adams, 2009; Jewsbury, Jia & Gonzalez, 2024). 

 

Implications  

The results carry several practical implications for applied researchers using data from 

large-scale assessments. First, hierarchical dependencies should already be repre-

sented during PV generation and should also be appropriately accounted for in the 

subsequent analysis; otherwise, variance estimated, standard errors and coverage rates 

may be substantially distorted. Importantly, correcting for clustering only during the 

secondary analysis was insufficient to fully recover accurate standard errors and nom-

inal coverage when the background model ignored the hierarchical structure. Second, 

fixed-effects approaches such as cluster indicators or group means yielded compara-

bly accurate results to random-effects background models in the present simulation 

setting. However, while group indicators may appear attractive, in large-scale assess-

ments the inclusion of many indicators for a large number of clusters becomes com-

putationally intensive and may reduce statistical efficiency (Gelman & Hill, 2006). 

Third, although regression coefficients were robust in simple settings, this robustness 

should not be assumed in more complex contexts involving group-level predictors or 

random slopes. Researchers should therefore be particularly cautious when 
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interpreting residual variance and group effects from PVs generated without fully ac-

counting for clustering. 

 

Limitations and Directions for Further Research 

Like all simulation studies, our work is subject to certain limitations. First, we re-

stricted the data-generating process to a two-level hierarchical structure with random 

intercepts. This choice reflects the sampling design of many large-scale assessments 

but does not capture more complex hierarchical constellations (e.g., cross-classified 

or three-level structures). Second, the simulation design was based on Rasch-model-

scaled dichotomous items and dichotomous and continuous covariates. While this al-

lowed for transparent comparisons, future research should examine the robustness of 

our results for polytomous items, and different covariate structures. Third, future stud-

ies should systematically vary other design factors such as the number of clusters, 

cluster size and test length. Among these, the latter may be especially influential: with 

fewer items per person, measurement error increases, and the performance of all meth-

ods is likely to deteriorate. Varying test length would thus provide a way to determine 

the performance boundaries of the different approaches under weaker measurement 

models. 

 

 

Conclusion 

This simulation study demonstrates that unbiased estimation of variance components 

and accurate inference with PVs requires that hierarchical dependencies are ade-

quately represented during both PV generation and the subsequent analysis stage. 

Valid results were obtained not only when random effects were included in both the 

background and the analysis model, but also when fixed-effects approaches using 

cluster indicators or cluster means in the background model were combined with ran-

dom-effects analyses. In contrast, accounting for the hierarchical structure in only one 

stage was insufficient, leading to biased variance estimates and distorted standard er-

rors. These findings underscore the importance of appropriately accounting for hier-

archical dependencies throughout the PV estimation process, particularly when the 

focus lies on variance decomposition or group-level predictors 
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Table S10 

Convergence of Background Models 

 

Background Model Converged 

NO 100 

RE 99.40 

CM 100 

CI 100 

Note: NO = no multilevel structure; RE = random effects; CM = fixed effects using cluster means; 

CI= fixed effects using cluster indicators. 
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