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Derivation of the dependence of relativeDIF in item intercepts on iden-
ti�cation restrictions on item slopes

In the following, we will show that relative DIF in item intercepts depends on the identi�cation re-
striction on item slopes.

Relative β-DIF Rβij for item i and j for two groups is de�ned as:

Rβij = (βi1 − βj1)− (βi2 − βj2). (1)

Within structural equation modeling, item intercepts βig are identi�ed based on the underlying
latent response variable y∗ig as follows:

βig = E(y∗ig)− αigE(θg) (2)

Inserting 2 in 1 gives:

Rβij = [E(y∗i1)− αi1E(θ1)]− [E(y∗j1)− αj1E(θ1)]− [E(y∗i2)− αi2E(θ2)] + [E(y∗j2)− αj2E(θ2)]

(3)
= E(y∗i1)− E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)(αi2 − αj2) (4)

Model identi�cation in terms of the item loadings αig can arbitrarily be chosen. In order to derive
the consequences of identi�cation restrictions of item slopes and variances on relative DIF in item
intercepts, we consider two identi�cation restrictions: Let identi�cation A be αAi1 = αAi2 and var(θ1) =
1. Let identi�cation B be αBj1 = αBj2 and var(θ1) = 1. While the slopes in group 1 are una�ected by
the identi�cation constraint, the slopes in group 2 from identi�cation B can be derived from those in
identi�cation A as follows:

αBi2 = αAi2
αAj1

αAj2
(5)

αBj2 = αAj2
αAj1

αAj2
= αAj1. (6)

�us, Rβij for item i and j with identi�cation A is

E(y∗i1)− E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)(α
A
i2 − αAj2) (7)

Rβij for item i and j with identi�cation B is

E(y∗i1 − E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)(α
B
i2 − αBj2) (8)

= E(y∗i1)− E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)

(
αAi2

αAj1

αAj2
− αAj2

αAj1

αAj2

)
(9)

�e di�erence between 7 and 9 is

E(y∗i1)− E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)(α
A
i2 − αAj2) (10)

−[E(y∗i1)− E(y∗j1)− E(y∗i2) + E(y∗j2) + E(θ1)(−αi1 + αj1) + E(θ2)

(
αAi2

αAj1

αAj2
− αAj2

αAj1

αAj2

)
] (11)

= E(θ2)(α
A
i2 − αAj2)

(
1−

αAj1

αAj2

)
(12)
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If this di�erence is zero, identi�cation in item slopes does not impact relative DIF in item intercepts.
�is term will be zero only if the true mean of ability in the second group is zero (E(θ2) = 0), if the
slopes of the items are the same within the second group (αAi2 = αAj2) or if there is no relative DIF of
item j (αAj1 = αAj2). �e �rst condition can not be assumed to hold in general. �e second condition is
only ful�lled in Rasch models, but not in 2PL models. �e la�er is only ful�lled when there is no DIF
in item slopes. As none of the condition can generally be assumed to hold in such applications, the
relative DIF in item intercepts may be impacted by identi�cation restrictions in item slopes.
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R code

1 # The IRT e s t im a t o r s used come from mi r t .
2 # No da t a i s p rov ided in t h e s e examples .
3 # r e qu e s t e d packages :
4 l i b ra ry ( m i r t )
5 l i b ra ry ( d o P a r a l l e l )
6 l i b ra ry ( p l y r )
7 l i b ra ry ( r l i s t )
8 l i b ra ry ( Ckmeans . 1 d . dp )
9 l i b ra ry ( shape )
10 # There a r e two main f u n c t i o n s :
11 # − twoS tepThresho ld f o r the 2 groups c a s e to app ly the c l u s t e r a l go r i t hm with

v a r i o u s t h r e s h o l d s a t once .
12 # − p l o t 2 P L c l u s t e r s f o r p l o t t i n g the r e s u l t s o f one o f the above .
13 # ######################## Two Groups ##########################
14 # DIF a n a l y s i s f o r 2 groups . Re tu rns a l i s t with the r e s u l t s .
15 # P r i n t s a du r a t i o n e s t im a t e . Has i t s own summary c l a s s .
16 r e s <− twoS tepThresho ld (
17 data , # obse rved da t a ( i t ems answers on ly )
18 group , # group ing v a r i a b l e
19 aThre sho ld = 0 . 3 , # a lpha t h r e s h o l d ( can be a s c a l a r or v e c t o r )
20 bThresho ld = c ( 0 . 5 , 0 . 6 ) , # b e t a t h r e s h o l d ( can be a s c a l a r or v e c t o r )
21 nCPUs = 4 ) # (maximum ) number o f p r o c e s s o r s to be used in p a r a l l e l

i n the second s t e p ( the f i r s t s t e p i s s i n g l e co re only )
22 # An overv iew over the f i n a l c l u s t e r r e s u l t s f o r va ry ing t h r e s h o l d comb ina t i ons :
23 summary ( r e s )
24 # A d e t a i l e d look a t the r e t u rn ed l i s t . I t i s g e n e r a l l y s t r u c t u r e d in the way : l i s t

( a l phaTh r e sho l d s = l i s t ( b e t aTh r e sho l d s ) )
25 s t r ( res , 2 )
26
27 # ######################## P l o t t i n g R e s u l t s ##########################
28 # P l o t r e s u l t s from 2PL c l u s t e r i n g . Saves p l o t s t r a i g h t to a f i l e .
29 p l o t 2 P L c l u s t e r s (
30 res , # the r e s u l t l i s t from twoStepThresho ld
31 aThresh = 0 . 3 , # a lpha t h r e s h o l d f o r which p l o t i s drawn
32 bThresh = 0 . 5 , # b e t a t h r e s h o l d f o r which p l o t i s drawn
33 t i ckWid th = 0 . 2 , # s pa c i ng o f t i c k s on x−a x i s
34 f i l eName=” example 2PL p l o t ” ) # beg inn ing o f f i l e name , t h r e s h o l d s a r e added

a u t oma t i c a l l y
35
36 # ########## E s t ima t e 2PL Model f o r S p e c i f i c C l u s t e r S o l u t i o n ############
37 c l u s t e r <− r e s $ ‘ aThresh = 0 . 3 ‘ $ ‘ bThresh = 0 . 5 ‘ $ c l u s t e r 2 n d S t e p
38 anchor <− which ( c l u s t e r == 1 ) # Get p o s i t i o n s o f the anchor i t ems . Here , c l u s t e r 1

i s used as an example .
39
40 mod <− mir t : : : mu l t i p l eGroup ( data ,
41 group = group ,
42 i n v a r i a n c e = c ( ” f r e e means ” , ” f r e e var ” , names ( data ) [ anchor ] ) , # the i n v a r i a n t

i t ems
43 model = 1 ,
44 i t emtype = ” 2PL ” )
45 coef (mod , s im p l i f y =T ) # show i tem parame te r s and l a t e n t moments
46
47 # ################ Func t i on s ##############
48 # 1 ) 2 s t e p a l go r i t hm f o r 2PL model f o r groups .
49 # Y i e l d s a l i s t with the r e s u l t i n g c l u s t e r memberships and paramete r e s t im a t e s per

s t e p .
50 twoS tepThresho ld <− function (
51 Dat ,
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52 groups ,
53 aThresho lds , # can be a s i n g l e va l u e or a v e c t o r o f v a l u e s ( i . e . , a sequence )
54 bThresho lds , # can be a s i n g l e va l u e or a v e c t o r o f v a l u e s ( i . e . , a sequence )
55 nCPUs = 1
56 ) { # (maximum ) number o f p r o c e s s o r s to be used in 2nd s t e p
57
58 th r e shL <− l i s t ( ) # i n t i a l i z e l e v e l 2 l i s t
59 i f ( length ( unique ( groups ) ) > 2 ) stop ( ” Group number i s wrong . E x a c t l y 2 groups a r e

needed . ” )
60
61 # i n i t i a l model
62 cat ( ” E s t ima t i n g i n i t i a l model . . . ” )
63 t 0 <− proc . time ( )
64 mod1 <− mul t ip l eGroup ( Dat ,
65 model = 1 ,
66 i t emtype = ” 2PL ” ,
67 #method = ”MHRM” ,
68 group = groups ,
69 i n v a r i a n c e = character ( ) ,
70 SE = T , ve rbo se =F )
71 t 1 <− proc . time ( )
72 t D i f f <− as . numeric ( t 1 − t 0 ) [ 3 ]
73
74 params1 <− ge t I t emParams (mod1 , SE=F )
75
76 i f (min ( params1 [ c ( 2 , 4 ) ] ) < 0 ) {
77 ” Nega t i v e l o a d i n g s . Cannot con t i nue . ”
78 stop ( )
79 }
80 ## 2 s t e p approach
81 # 1 s t s t e p : a l pha s
82
83 for ( aThresh in aThre sho l d s ) { # main loop f o r v a r i o u s a−t h r e s h o l d s
84 dR a lpha <− d r i d s 2PL (mod1 ) $dR a lpha
85 c l u s t e r 1 s t S t e p <− kMeansThresh ( dR a lpha [ , 1 ] , aThresh )
86
87 cat ( ” \ r ” , ” Curren t a lpha t h r e s h o l d = ” , aThresh , ” with approx . d u r a t i o n = ” ,
88 c e i l ing ( c e i l ing (max ( c l u s t e r 1 s t S t e p ) / nCPUs ) ∗ t D i f f / 6 0 ) , ” minutes ” )
89
90 # 2nd s t e p : b e t a s
91 c l u s t e r 2 n d S t e p L <− l i s t ( c l u s t e r 1 s t S t e p = c l u s t e r 1 s t S t e p , mode l 1 s t S t ep = l i s t ( params

= params1 ,
92 ou tpu t = c ap t u r e . ou tpu t ( mod1 ) ) )
93 for ( bThresh in bThre sho ld s ) c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” , bThresh ) ] ] [ [ ”

c l u s t e r 2 n d S t e p ” ] ] <− vector ( length = length ( c l u s t e r 1 s t S t e p ) ) # i n i t i a l i z e
lower s t o r a g e l i s t

94 c l u s t e r 1 s t S t e p 1 <− unname (which ( t ab le ( c l u s t e r 1 s t S t e p ) == 1 ) ) # check
f o r 1− i t em a lpha c l u s t e r s . . .

95 c l u s t e r 1 s t S t e p f o r 2ndS t ep <− unname (which ( t ab le ( c l u s t e r 1 s t S t e p ) > 1 ) ) # . . . and
here a l l c l u s t e r s with more than 1 i tem

96
97 # p a r a l l i z e d 2nd s t e p e s t im a t i o n ( on ly f o r a lpha c l u s t e r s with a t l e a s t 2 i t ems )
98 c l <− makeClus te r ( nCPUs ) # i n i t i a l i z e p a r a l l i z a t i o n
99 r e g i s t e r D o P a r a l l e l ( c l )
100
101 mod2L <− f o r e a ch ( c u r r 1 s t e p = c l u s t e r 1 s t S t e p fo r2ndS t ep , . i n o r d e r =T , . combine=append

,
102 . packages=c ( ” m i r t ” , ” Ckmeans . 1 d . dp ” ) , . e r r o r h a nd l i n g = ’ s t op ’ ) %dopar% {
103
104 c u r r C l u s t e r <− which ( c l u s t e r 1 s t S t e p == c u r r 1 s t e p ) # ge t c u r r e n t i t ems
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105 anchorMod <− pa s t e 0 ( ” F1 = 1−” , length ( c l u s t e r 1 s t S t e p ) , ”
106 CONSTRAINB = ( ” , paste ( c u r r 1 s t e p , c o l l a p s e = ” , ” ) , ” , a1 ) , ( ” , sample ( c u r r 1 s t e p , 1 ) ,

” , d ) ” ) # c o n s t r a i n i tem o f c u r r e n t a lpha c l u s t e r and a random i n t e r c e p t from
the c u r r e n t c l u s t e r

107 mod2 <− mul t ip l eGroup ( Dat ,
108 model = anchorMod ,
109 i t emtype = ” 2PL ” ,
110 #method = ”MHRM” ,
111 group = groups ,
112 i n v a r i a n c e = c ( ” f r e e var ” ) , # ” f r e e means ” ,
113 SE = T , ve rbo se =F )
114 }
115 s t o pC l u s t e r ( c l ) # c l e a n l y e x i t p a r a l l e l t h r e a d s
116
117 i f ( length ( c l u s t e r 1 s t S t e p f o r 2ndS t ep ) == 1 ) mod2L <− l i s t ( mod2L ) # a ch i e v e l i s t

s t r u c t u r e even when t h e r e i s on ly 1 en t ry
118
119 for ( i i n c l u s t e r 1 s t S t e p f o r 2ndS t ep ) {
120 c u r r 1 s t e p <− which ( c l u s t e r 1 s t S t e p == i ) # ge t c u r r e n t i t ems
121
122 params2 <− ge t I t emParams ( mod2L [ [which ( c l u s t e r 1 s t S t e p f o r 2ndS t ep == i ) ] ] , SE=F )
123 dR beta <− d r i d s 2PL ( mod2L [ [which ( c l u s t e r 1 s t S t e p f o r 2ndS t ep == i ) ] ] ) $dR beta
124 c l u s t e r 2 n d S t e p L [ [ ” model2ndStep ” ] ] [ [ p a s t e 0 ( ” 1 s t c l u s t e r = ” , i ) ] ] <− l i s t ( params=

params2 ,
125 ou tpu t = c ap t u r e . ou tpu t ( mod2L [ [which ( c l u s t e r 1 s t S t e p f o r 2ndS t ep == i ) ] ] ) )
126
127 for ( bThresh in bThre sho ld s ) {
128 c u r r 2 s t e p <− kMeansThresh ( dR beta [ c u r r 1 s t e p , 1 ] , bThresh )
129 c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” , bThresh ) ] ] [ [ ” c l u s t e r 2 n d S t e p ” ] ] [ c u r r 1 s t e p ] <−

c u r r 2 s t e p + i ∗ 100 # i ∗ 100 produces unique c l u s t e r l a b e l s
130 h i s t o r y S t e p s <− rep (NA, length ( c l u s t e r 1 s t S t e p ) ) # save h i s t o r y
131 h i s t o r y S t e p s [ c u r r 1 s t e p ] <− c u r r 2 s t e p
132 c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” , bThresh ) ] ] [ [ p a s t e 0 ( ” h i s t o r y : 1 s t c l u s t e r = ” , i )

] ] <− h i s t o r y S t e p s
133 }
134 }
135
136 for ( i i n c l u s t e r 1 s t S t e p 1 ) {
137 for ( bThresh in bThre sho ld s ) {
138 c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” , bThresh ) ] ] [ [ ” c l u s t e r 2 n d S t e p ” ] ] [ c l u s t e r 1 s t S t e p ==

i ] <− rep ( i , 1 ) # f o r 1− i t em c l u s t e r s : g i v e c l u s t e r codes t h a t w i l l not occur
o the rw i s e ( below 100 )

139
140 }
141 }
142 # un i f y c l u s t e r l a b e l s
143 for ( bThresh in bThre sho ld s ) c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” , bThresh ) ] ] [ [ ”

c l u s t e r 2 n d S t e p ” ] ] <− as . integer ( fac tor ( c l u s t e r 2 n d S t e p L [ [ p a s t e 0 ( ” bThresh= ” ,
bThresh ) ] ] [ [ ” c l u s t e r 2 n d S t e p ” ] ] ) )

144 ## end 2 s t e p approach
145
146 th r e shL [ [ p a s t e 0 ( ” aThresh= ” , aThresh ) ] ] <− c l u s t e r 2 n d S t e p L
147 }
148
149 c l a s s ( t h r e shL ) <− ” twoS t epC l a s s ” # g i v e the r e s u l t l i s t a c l a s s a t t r i b u t e in

o rde r to be a b l e to app ly a cus tomized summary−f u n c t i o n
150 return ( t h r e shL )
151 }
152
153 summary . twoS t epC l a s s <− function ( threshL ,
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154 inRows = F
155 ) {
156 s t o p i f n o t ( inher i t s ( threshL , ” twoS t epC l a s s ” ) )
157 Res <− data . frame ( )
158 i <− 0
159 nI tems <− length ( t h r e shL [ [ c ( 1 , 3 , 1 ) ] ] )
160
161 i f ( inRows == F ) {
162 for ( aThresh in 1 : length ( t h r e shL ) ) {
163 for ( bThresh in 1 : ( length ( t h r e shL [ [ 1 ] ] ) − 3 ) ) {
164 i <− i + 1
165 Res [ 1 , i ] <− sub ( ” . . . . . . . = ” , ” ” , names ( t h r e shL [ aThresh ] ) ) # save a

−t h r e s h o l d
166 Res [ 2 , i ] <− sub ( ” . . . . . . . = ” , ” ” , names ( t h r e shL [ [ aThresh ] ] [ bThresh + 2 ] ) ) # save b

−t h r e s h o l d
167 Res [ 3 , i ] <− max ( t ( t ( t h r e shL [ [ c ( aThresh , ( bThresh + 2 ) , 1 ) ] ] ) ) ) # save

number o f c l u s t e r s
168 Res [ 4 , i ] <− ” ”
169 Res [ 5 : ( n I tems + 4 ) , i ] <− t ( t ( t h r e shL [ [ c ( aThresh , ( bThresh + 2 ) , 1 ) ] ] ) ) # save

c l u s t e r code
170 }
171 }
172 rownames ( Res ) <− c ( ” aThresh ” , ” bThresh ” , ” nC l u s t e r s ” , ” ” , p a s t e 0 ( ” i ” , 1 : n I tems ) )
173 colnames ( Res ) <− NULL
174 cat ( ” #### F i n a l c l u s t e r s found in 2 s t e p a l go r i t hm #### ” , ” \n ” )
175 } e l se {
176 for ( aThresh in 1 : length ( t h r e shL ) ) {
177 for ( bThresh in 1 : ( length ( t h r e shL [ [ 1 ] ] ) − 3 ) ) {
178 i <− i + 1
179 Res <− rbind ( Res , as . numeric ( c ( sub ( ” . . . . . . . = ” , ” ” , names ( t h r e shL [ aThresh ] ) ) ,

# save a−t h r e s h o l d
180 sub ( ” . . . . . . . = ” , ” ” , names ( t h r e shL [ [ aThresh ] ] [ bThresh + 2 ] ) ) , # save b−t h r e s h o l d
181 max ( t ( t ( t h r e shL [ [ c ( aThresh , ( bThresh + 2 ) , 1 ) ] ] ) ) ) , # save number o f

c l u s t e r s
182 th r e shL [ [ c ( aThresh , ( bThresh + 2 ) , 1 ) ] ] ) ) ) # save c l u s t e r code
183 }
184 }
185 colnames ( Res ) <− c ( ” aThresh ” , ” bThresh ” , ” nC l u s t e r s ” , p a s t e 0 ( ” i ” , 1 : n I tems ) )
186 cat ( ” #### F i n a l c l u s t e r s found in 2 s t e p a l go r i t hm #### ” , ” \n ” , ” \n ” )
187 }
188 return ( Res )
189 }
190
191
192 ## 2 ) Func t i on f o r p l o t t i n g the r e s u l t s . Saves p l o t s t r a i g h t to a f i l e .
193 p l o t 2 P L c l u s t e r s <− function (
194 res , # r e s u l t l i s t from twoStepThresho ld f u n c t i o n
195 aThresh , # a lpha t h r e s h o l d f o r which p l o t i s drawn
196 bThresh , # b e t a t h r e s h o l d f o r which p l o t i s drawn
197 f i l eName = ” 2PL c l u s t e r i n g p l o t ” , # beg inn ing o f f i l e name , to a l l ow custom f i l e

names
198 t i ckWid th = 0 . 2 # l e ng t h o f t i c k i n t e r v a l i n DRID p l o t s
199 ) {
200 # ge t c l u s t e r i n g s
201 c l u s t e r 1 s t S t e p <− r e s [ [ p a s t e 0 ( ” aThresh= ” , aThresh ) ] ] $ c l u s t e r 1 s t S t e p
202 c l u s t e r 2 n d S t e p <− r e s [ [ c ( p a s t e 0 ( ” aThresh= ” , aThresh ) , p a s t e 0 ( ” bThresh= ” , bThresh ) )

] ] $ c l u s t e r 2 n d S t e p
203
204 c l u s t e r 1 s t S t e p 1 <− unname (which ( t ab le ( c l u s t e r 1 s t S t e p ) == 1 ) ) # check

f o r 1− i t em a lpha c l u s t e r s . . .
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205 c l u s t e r 1 s t S t e p f o r 2ndS t ep <− unname (which ( t ab le ( c l u s t e r 1 s t S t e p ) > 1 ) ) # . . . and
here a l l c l u s t e r s with more than 1 i tem

206 c lusCount <− length ( c l u s t e r 1 s t S t e p f o r 2ndS t ep )
207
208 # ge t r e l a t i v e DIFs
209 a l pha s <− r e s [ [ p a s t e 0 ( ” aThresh= ” , aThresh ) ] ] $mode l 1 s t S t ep $params
210 r1 <− outer ( log ( a l pha s [ , 1 ] ) , log ( a l pha s [ , 1 ] ) , ”−” )
211 r2 <− outer ( log ( a l pha s [ , 3 ] ) , log ( a l pha s [ , 3 ] ) , ”−” )
212 dR a lpha <− ( r 1 − r2 ) [ , 1 ]
213
214 dR beta <− vector ( length= length ( c l u s t e r 1 s t S t e p ) )
215 # g e t t i n g be t a DRIDs f o r non 1− i t em c l u s t e r s
216 for ( i i n c l u s t e r 1 s t S t e p f o r 2ndS t ep ) {
217 b e t a sCu r r en t <− r e s [ [ p a s t e 0 ( ” aThresh= ” , aThresh ) ] ] $model2ndStep [ [ p a s t e 0 ( ” 1 s t

c l u s t e r = ” , i ) ] ] $params
218 r1 <− outer ( b e t a sCu r r en t [ , 2 ] , b e t a sCu r r en t [ , 2 ] , ”−” )
219 r2 <− outer ( b e t a sCu r r en t [ , 4 ] , b e t a sCu r r en t [ , 4 ] , ”−” )
220 dR beta [ c l u s t e r 1 s t S t e p == i ] <− ( r 1 − r2 ) [ c l u s t e r 1 s t S t e p == i , 1 ]
221 }
222
223 # c a l c u l a t e p l o t wid ths
224 t o t a l R ang e <− 0
225 prev iousRange <− 0
226 rangeL <− l i s t ( ) # s t o r e cumu l a t i v e ranges o f the s i n g l e 2nd s t e p p l o t s to

c a l c u l a t e t h e i r i n d i v i d u a l p l o t wid ths l a t e r
227 for ( pos i n c l u s t e r 1 s t S t e p f o r 2ndS t ep ) {
228 minD <− min ( dR beta [ c l u s t e r 1 s t S t e p == pos ] − min ( dR beta [ c l u s t e r 1 s t S t e p == pos ] ) )
229 maxD <− max ( dR beta [ c l u s t e r 1 s t S t e p == pos ] − min ( dR beta [ c l u s t e r 1 s t S t e p == pos ] ) )
230 t i c kX <− seq ( p l y r : : : round any ( minD , t i ckWidth , f loor ) , p l y r : : : round any (maxD ,

t i ckWidth , c e i l ing ) ,
231 by = t i ckWid th )
232 rangeL [ [ pos ] ] <− prev iousRange
233 t o t a l R ang e <− t o t a l R ang e + max ( t i c kX ) − min ( t i c kX ) + t i ckWid th
234 prev iousRange <− prev iousRange + max ( t i c kX ) − min ( t i c kX ) + t i ckWid th
235 }
236
237 ## p l o t t i n g
238 png ( f i l e = pa s t e 0 ( f i l eName , ” ” , aThresh , ” ” , bThresh , ” . png ” ) ,
239 width =200 ∗ ( t o t a l R ang e / t i ckWid th ) , h e i gh t =1500 , r e s =300 , family=” s e r i f ” )
240 plot .new ( )
241 par ( mai=c ( 0 , 0 , 0 , 0 ) )
242 plot ( 0 , type= ”n ” , axes =F , xaxs= ” i ” , # empty p l o t , s e t t i n g up p l o t t i n g a r e a
243 yl im=c ( 0 , 3 ) ,
244 x l im = c (− t o t a l R ang e / 40 , t o t a l R ang e ) )
245
246 # 1 s t s t e p
247 c o l s 1 s t S t e p <− c ( ” red ” , ” b l u e ” , ” p a l e v i o l e t r e d ” , ” skyb lue1 ” , # 12 c o l o r s f o r 1 s t

s t e p ( red and b l u e i s h )
248 ” f i r e b r i c k 3 ” , ” s t e e l b l u e 3 ” , ” c o r a l 1 ” , ” dodge rb lue2 ” ,
249 ” o rangered2 ” , ” navy ” , ” deepp ink4 ” , ” cyan ” )
250 i f ( length ( c l u s t e r 1 s t S t e p f o r 2ndS t ep ) > 1 2 ) print ( ” Co lor cod ing in s t e p 1 has

f a i l e d due to high c l u s t e r number . ” )
251 c o l s <− vector ( )
252 c o l s [ c l u s t e r 1 s t S t e p f o r 2ndS t ep ] <− c o l s 1 s t S t e p [ as . integer ( fac tor ( c l u s t e r 1 s t S t e p

f o r 2ndS t ep ) ) ] # the as . i n t e g e r ( f a c t o r ( . . ) ) c o n s t r u c t l e t s R s t a r t with the
f i r s t c o l o r

253 c o l s [ c l u s t e r 1 s t S t e p 1 ] <− ” b l a c k ”
254
255 text ( l abe l s =expression ( ” 1 ” ˆ ” s t ” ∗ ” s t e p : ” ∗ a lpha ∗ ”−c l u s t e r s ” ) , x =0 , y = 2 . 9 , cex =1 ,

pos =4 ) # 1 s t head ing
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256 p l o t C l u s t e r s ( dR a lpha − min ( dR a lpha ) , # s h i f t v a l u e s to s t a r t with 0
257 x = 0 , y = 2 ,
258 t i ckWid th = t i ckWidth ,
259 c l u s t e r i n g = c l u s t e r 1 s t S t e p ,
260 broken = rep ( 0 , length ( c l u s t e r 1 s t S t e p ) ) ,
261 c l u s t e r C o l o r s = c o l s )
262 text ( l abe l s =expression ( ” R e l a t i v e DIF in ” ∗ a lpha ) , x = (max ( dR a lpha − min ( dR a lpha ) )

/ 2 ) , y = 2 . 3 5 , cex = 0 . 7 )
263
264 # 2nd s t e p
265 c o l s 2ndS t e p <− rep ( c ( ” pu rp l e ” , ” o l i v e d r a b 3 ” , ” da rkorange1 ” , # c o l o r cod ing in 9

co l o r s , t h r e e t imes over ( f u l l l i n e , once broken , tw i c e broken )
266 ” magenta1 ” , ” lawngreen ” , ” brown ” ,
267 ” plum ” , ” s e ag r e en ” , ” burlywood ” ) , 3 )
268 brokenS <− c ( rep ( ” 0 ” , 9 ) , rep ( ” 1 ” , 9 ) , rep ( ” 2 ” , 9 ) )
269 i f ( length ( unique ( c l u s t e r 2 n d S t e p ) ) > 2 7 ) print ( ” Co lor cod ing in s t e p 2 has f a i l e d

due to high c l u s t e r number . ” )
270
271 t h i r d P l o t C o l s <− vector ( length= length ( unique ( c l u s t e r 2 n d S t e p ) ) ) # to c on t a i n the

c o l o r cod ing o f the 2nd s t e p to p r i n t a t h i r d p l o t f o r a l l i t ems
272 t h i r d P l o t B r o k en <− vector ( length= length ( unique ( c l u s t e r 2 n d S t e p ) ) ) # . . . and broken

l i n e s cod ing l i k ew i s e
273
274 text ( l abe l s =expression ( ” 2 ” ˆ ” nd ” ∗ ” s t e p : ” ∗ beta ∗ ”−c l u s t e r s ” ) , x =0 , y = 1 . 9 , cex =1 , pos

=4 ) # 2nd head ing
275
276 for ( pos i n c l u s t e r 1 s t S t e p f o r 2ndS t ep ) {
277 cu r rC l u s <− sor t ( unique ( c l u s t e r 2 n d S t e p [ c l u s t e r 1 s t S t e p == pos ] ) )
278
279 p l o t C l u s t e r s ( dR beta [ c l u s t e r 1 s t S t e p == pos ] − min ( dR beta [ c l u s t e r 1 s t S t e p == pos ] ) ,

# s h i f t v a l u e s to be g r e a t e r than 0
280 x = rangeL [ [ pos ] ] , y = 1 ,
281 t i ckWid th = t i ckWidth ,
282 c l u s t e r i n g = c l u s t e r 2 n d S t e p [ c l u s t e r 1 s t S t e p == pos ] ,
283 a x i sCo l = c o l s 1 s t S t e p [which ( unique ( c l u s t e r 1 s t S t e p f o r 2ndS t ep ) == pos ) ] ,
284 c l u s t e r C o l o r s = c o l s 2ndS t e p [ cu r rC l u s ] ,
285 broken = brokenS [ cu r rC l u s ] )
286 text ( l abe l s =expression ( ” R e l a t i v e DIF in ” ∗ beta ) , cex = 0 . 7 ,
287 x= rangeL [ [ pos ] ] + (max ( dR beta [ c l u s t e r 1 s t S t e p == pos ] − min ( dR beta [ c l u s t e r 1 s t S t e p

== pos ] ) ) / 2 ) , y = 1 . 3 5 )
288 t h i r d P l o t C o l s [ c u r rC l u s ] <− c o l s 2 ndS t e p [ cu r rC l u s ]
289 t h i r d P l o t B r o k en [ cu r rC l u s ] <− brokenS [ cu r rC l u s ]
290 }
291 t h i r d P l o t C o l s [ t h i r d P l o t C o l s == ” FALSE ” ] <− ” b l a c k ” # i n s e r t v a l u e s f o r 1− i t em

c l u s t e r s
292 t h i r d P l o t B r o k en [ t h i r d P l o t B r o k en == ” FALSE ” ] <− ” 0 ”
293
294 # 3 rd : p l o t summary f o r a l l i t ems
295 text ( l abe l s =” C l u s t e r summary ” , x =0 , y = 0 . 9 , cex =1 , pos =4 )
296 p l o t C l u s t e r s ( seq ( 0 , t o t a l R ang e / 2 , by=( t o t a l R ang e / 2 ) / ( length ( c l u s t e r 1 s t S t e p ) −1) ) ,
297 x = 0 , y = 0 ,
298 t i ckWid th = t i ckWidth ,
299 c l u s t e r i n g = c l u s t e r 2 nd S t e p ,
300 c l u s t e r C o l o r s = t h i r d P l o t C o l s ,
301 broken = th i r dP l o tB r ok en ,
302 t h i r d P l o t = T )
303 text ( l abe l s =” I tem number ” , x= t o t a l R ang e / 4 , y = 0 . 3 , cex = 0 . 7 )
304
305 # p l o t l egend
306 shape : : : Arrows ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 6 6 , t o t a l R ang e ∗ 0 . 5 5+ t i ckWidth , 0 . 6 6 ,
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307 a r r . length = 0 . 1 , code =3 , a r r . a d j = 1 , lwd = 0 . 8 )
308 shape : : : Arrows ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 6 6 , t o t a l R ang e ∗ 0 . 5 5+ t i ckWidth , 0 . 6 6 ,
309 cex = 0 . 3 , code =3 , a r r . a d j = 1 , a r r . type= ”T” , lwd = 0 . 8 )
310 text ( t o t a l R ang e ∗ 0 . 5 5+ t i ckWidth , 0 . 6 6 , paste ( t i ckWidth , ” l o g i t s ” ) , pos =4 , cex = 0 . 7 )
311 text ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 5 5 , bquote ( . (max ( c l u s t e r 1 s t S t e p ) ) ˜ ” c l u s t e r s in 1 ” ˆ ” s t ” ˜ ”

s t e p ” ) , pos =4 , cex = 0 . 7 )
312 text ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 4 6 , bquote ( . (max ( c l u s t e r 2 n d S t e p ) ) ˜ ” c l u s t e r s in 2 ” ˆ ” nd ” ˜ ”

s t e p ” ) , pos =4 , cex = 0 . 7 )
313 text ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 3 7 , bquote ( a lpha ∗ ”−t h r e s h o l d = ” ∗ . ( aThresh ) ) , pos =4 , cex

= 0 . 7 )
314 text ( t o t a l R ang e ∗ 0 . 5 5 , 0 . 2 6 , bquote ( beta ∗ ”−t h r e s h o l d = ” ∗ . ( bThresh ) ) , pos =4 , cex

= 0 . 7 )
315
316 dev . off ( )
317 }
318
319 # ################ Aux i l a ry f u n c t i o n s ##########################
320 ## p l o t s 1d c l u s t e r i n g da t a
321 p l o t C l u s t e r s <− function (
322 Dat , # i npu t da t a
323 a x i sCo l = ” b l a c k ” ,
324 x = NULL , # x p o s i t i o n
325 y = NULL , # y p o s i t i o n
326 t i c k L a b e l s = F , # sw i t ch t i c k l a b e l s on and o f f
327 c l u s t e r i n g = NULL , # numeric [ n ] : c l u s t e r a po i n t in d be l ong s to
328 broken = NULL , # numeric [ 0 , 1 ] , coding , which c l u s t e r s shou ld be d i s p l a y e d

as broken l i n e s f o r c l a r i t y
329 c l u s t e r C o l o r s = NULL , # c h a r a c t e r [ n ] : c o l o r s f o r the c l u s t e r s
330 t h i r d P l o t =FALSE , # changes somee p r o p e r t i e s , i f t h i s i s the t h i r d p a r t o f the

p l o t
331 t i ckWid th = t i ckWid th
332 ) {
333
334 t i c kX <− seq ( round any (min ( Dat ) , t i ckWidth , f loor ) , round any (max ( Dat ) , t i ckWidth ,

c e i l ing ) ,
335 by = t i ckWid th )
336 i f ( t h i r d P l o t ) {
337 t i c kX <− Dat
338 text ( x+ t i ckX , y + 0 . 4 , l abe l s =c ( 1 : length ( Dat ) ) , cex = 0 . 7 )
339 }
340 c l u s t e r i n g <− as . integer ( fac tor ( c l u s t e r i n g ) ) # g e t t i n g c l u s t e r names to s t a r t i n g

with 1
341
342 # draw l i n e s in p l o t
343 for ( i i n unique ( c l u s t e r i n g ) ) {
344 segments ( x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 , x+Dat [ c l u s t e r i n g == i ] , y + 0 . 7 , col=

c l u s t e r C o l o r s [ i ] , lwd =2 )
345 i f ( broken [ i ] == ” 1 ” ) {
346 segments ( x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 4 , x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 6 , col=” whi te

” , lwd =2 , l end =1 )
347 }
348 i f ( broken [ i ] == ” 2 ” ) {
349 segments ( x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 2 3 3 , x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 4 3 3 , col=”

whi te ” , lwd =2 , l end =1 )
350 segments ( x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 5 6 6 , x+Dat [ c l u s t e r i n g == i ] , y + 0 . 6 7 6 6 , col=”

whi te ” , lwd =2 , l end =1 )
351 }
352 }
353 # draw a x i s
354 l ine s ( c ( x+min ( t i c kX ) , x+max ( t i c kX ) ) ,
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355 c ( y + 0 . 5 , y + 0 . 5 ) ,
356 col = ax i sCo l , lwd = 2 , l end =2 )
357 segments ( x+ t i ckX , y + 0 . 4 7 , x+ t i ckX , y + 0 . 5 3 , col = ax i sCo l , l end =1 )
358 }
359
360 ## c a l c u l a t e r e l a t i v e DIFs ( 2 groups )
361 d r i d s 2PL <− function (mod # mirt−model o b j e c t ( two groups )
362 ) {
363 i t emPa r s <− ge t I t emParams (mod , SE = FALSE )
364 r1 <− outer ( i t emPa r s [ , 1 ] , i t emPa r s [ , 1 ] , ”−” )
365 r2 <− outer ( i t emPa r s [ , 3 ] , i t emPa r s [ , 3 ] , ”−” )
366 dR beta <− r1 − r2
367 colnames ( dR beta ) <− extrac t . m i r t (mod , ” itemnames ” )
368
369 r1 <− outer ( log ( i t emPa r s [ , 2 ] ) , log ( i t emPa r s [ , 2 ] ) , ”−” )
370 r2 <− outer ( log ( i t emPa r s [ , 4 ] ) , log ( i t emPa r s [ , 4 ] ) , ”−” )
371 dR a lpha <− r1 − r2
372 colnames ( dR a lpha ) <− extrac t . m i r t (mod , ” itemnames ” )
373 r e s <− l i s t ( dR a lpha = dR alpha , dR beta = dR beta )
374 return ( r e s )
375 }
376
377 ## r e t r i e v e pa rame te r s from mi r t in a d i g e s t a b l e way
378 ge t I t emParams <− function (mod , # mirt−model
379 params = c ( ” d ” , ” a1 ” ) , # c h a r a c t e r [ i ] : names o f the i tem parame te r s to be e x t r a c t e d

( in g en e r a l : d / a1 / g / u )
380 SE = TRUE , # l o g i c a l : shou ld paramete r s t anda rd e r r o r s be r e po r t e d as

we l l ?
381 addVar = NULL , # numeric [ k ] : add an a d d i t i o n a l / mu l t i p l e v a r i a b l e s to the

ou tpu t ( f o r ecample to compare s imu l a t e d v a l u e s ) , use cb ind ( ) t o g i v e them
u s e f u l names

382 roundTo = 5 # numeric [ 1 ] : dec ima l s , the v a l u e s shou ld be rounded to
383 #−> Q4
384 ) {
385
386 con t a i n s SE <− ! i s . na ( vcov (mod ) [ 1 , 1 ] ) # does the model i n c l u d e SEs ? ( e s t ima t e d with

SE = TRUE ? )
387 i f ( ! con t a i n s SE && SE ) {
388 warning ( ” S t anda rd e r r o r s were r e qu e s t e d but not e s t ima t e d . They w i l l not be

r e po r t e d . . . ” )
389 SE <− FALSE
390 }
391 i tNames <− extrac t . m i r t (mod , ” itemnames ” )
392 grpNames <− extrac t . m i r t (mod , ” groupNames ” )
393 out <− data . frame (matrix (NA, nrow = length ( i tNames ) , ncol = 1 ) )
394 c f g <− coef (mod , p r i n t SE = TRUE )
395 r e s <− data . frame ( t ( data . frame ( c f g ) ) )
396 for ( g in grpNames ) {
397 i f ( length ( grpNames ) > 1 ) {
398 g rp Idx <− grep ( g , rownames ( r e s ) )
399 } e l se {
400 g rp Idx <− 1 :nrow ( r e s )
401 }
402 s <− s t r s p l i t ( rownames ( r e s ) , ” . ” , f i x e d = TRUE )
403 parVec <− sapply ( s , function ( x ) x [ length ( x ) ] )
404 for ( p in params ) {
405 pa r I dx <− which ( parVec == p )
406 cu r r <− r e s [ i n t e r s e c t ( par Idx , g rp Idx ) , ]
407 i f ( ! i s . numeric ( c u r r ) ) c u r r <− cu r r [ , ” par ” ]
408 i f ( length ( grpNames ) == 1 ) {
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409 colName <− p
410 } e l se {
411 colName <− paste ( g , p , sep = ” . ” )
412 }
413 out [ colName ] <− cu r r
414 i f ( SE && con t a i n s SE ) {
415 cu r r <− r e s [ i n t e r s e c t ( par Idx , g rp Idx ) , ]
416 out [ paste ( colName , ” SE ” , sep = ” . ” ) ] <− cu r r [ , ” SE ” ]
417 }
418 }
419 }
420 out <− out [−1]
421 rownames ( out ) <− i tNames
422 i f ( ! i s . null ( addVar ) ) out <− cbind ( out , addVar )
423 return ( as . data . frame ( round ( out , roundTo ) ) )
424 }
425
426 ## app ly k−means c l u s t e r i n g with a t h r e s h o l d
427 kMeansThresh <− function ( d r i d s , # r e l a t i v e DIF−v a l u e s f o r the i t ems ( taken

from de l t a−R mat r i x )
428 t h r e sh = NULL # t h r e s hho l d as a s t opp ing r u l e . Thresho ld i s maximum c l u s t e r width

on l o g i t s c a l e
429 ) {
430 k <− 1
431 currRange <− max ( d r i d s ) − min ( d r i d s )
432 while (max ( currRange ) > t h r e s h & k < length ( d r i d s ) ) {
433 k <− k + 1
434 c lusCode <− Ckmeans . 1 d . dp ( d r i d s , k=k ) $ c l u s t e r
435 currRange <− NULL
436 for ( i i n 1 :max ( c lusCode ) ) {
437 c lusCode2 <− c lusCode # h e l p e r copy
438 c lusCode2 [ c lusCode2 ! = i ] <− NA # make p i c k i n g v e c t o r
439 c lusCode2 [ c lusCode2 == i ] <− 1
440 currRange [ i ] <− max ( c lu sCode2 ∗ d r i d s , na . rm=T ) − min ( c lu sCode2 ∗ d r i d s , na . rm=T ) #

ge t c u r r e n t range
441 }
442 }
443 r e s <− Ckmeans . 1 d . dp ( d r i d s , k=k ) $ c l u s t e r
444 r e s
445 }
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Design of simulation study
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Figure S1: Data generating conditions in the simulation study with �ve simulated factors: α-DIF size,
β-DIF size, balancedness of α-DIF and β-DIF, and mutual direction of α-DIF and β-DIF.
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Results compared across DIF-sizes

α balanced, β balanced, alike

Figure S2: Cluster length for the best cluster in the condition of balanced α-DIF, balanced β-DIF, and
same direction of DIF.
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Figure S3: Hit rate for the best cluster in the condition of balanced α-DIF, balanced β-DIF, and same
direction of DIF.
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Figure S4: Bias in estimated mean di�erence for the best cluster in the condition of balanced α-DIF,
balanced β-DIF, and same direction of DIF.
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Figure S5: Bias in estimated relation of variances for the best cluster in the condition of balancedα-DIF,
balanced β-DIF, and same direction of DIF.
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α balanced, β balanced, opposed

Figure S6: Cluster length for the best cluster in the condition of balanced α-DIF, balanced β-DIF, and
opposed direction of DIF.
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Figure S7: Hit rate for the best cluster in the condition of balanced α-DIF, balanced β-DIF, and opposed
direction of DIF.
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Figure S8: Bias in estimated mean di�erence for the best cluster in the condition of balanced α-DIF,
balanced β-DIF, and opposed direction of DIF.
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Figure S9: Bias in estimated relation of variances for the best cluster in the condition of balancedα-DIF,
balanced β-DIF, and opposed direction of DIF.
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α balanced, β unbalanced, alike

Figure S10: Cluster length for the best cluster in the condition of balanced α-DIF, unbalanced β-DIF,
and same direction of DIF.

22



Figure S11: Hit rate for the best cluster in the condition of balanced α-DIF, unbalanced β-DIF, and
same direction of DIF.
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Figure S12: Bias in estimated mean di�erence for the best cluster in the condition of balanced α-DIF,
unbalanced β-DIF, and same direction of DIF.
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Figure S13: Bias in estimated relation of variances for the best cluster in the condition of balanced
α-DIF, unbalanced β-DIF, and same direction of DIF.
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α balanced, β unbalanced, opposed

Figure S14: Cluster length for the best cluster in the condition of balanced α-DIF, unbalanced β-DIF,
and opposed direction of DIF.
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Figure S15: Hit rate for the best cluster in the condition of balanced α-DIF, unbalanced β-DIF, and
opposed direction of DIF.
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Figure S16: Bias in estimated mean di�erence for the best cluster in the condition of balanced α-DIF,
unbalanced β-DIF, and opposed direction of DIF.
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Figure S17: Bias in estimated relation of variances for the best cluster in the condition of balanced
α-DIF, unbalanced β-DIF, and opposed direction of DIF.
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α unbalanced, β balanced, alike

Figure S18: Cluster length for the best cluster in the condition of unbalanced α-DIF, balanced β-DIF,
and same direction of DIF.
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Figure S19: Hit rate for the best cluster in the condition of unbalanced α-DIF, balanced β-DIF, and
same direction of DIF.
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Figure S20: Bias in estimated mean di�erence for the best cluster in the condition of unbalanced α-DIF,
balanced β-DIF, and same direction of DIF.
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Figure S21: Bias in estimated relation of variances for the best cluster in the condition of unbalanced
α-DIF, balanced β-DIF, and same direction of DIF.
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α unbalanced, β balanced, opposed

Figure S22: Cluster length for the best cluster in the condition of unbalanced α-DIF, balanced β-DIF,
and opposed direction of DIF.
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Figure S23: Hit rate for the best cluster in the condition of unbalanced α-DIF, balanced β-DIF, and
opposed direction of DIF.
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Figure S24: Bias in estimated mean di�erence for the best cluster in the condition of unbalanced α-DIF,
balanced β-DIF, and opposed direction of DIF.
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Figure S25: Bias in estimated relation of variances for the best cluster in the condition of unbalanced
α-DIF, balanced β-DIF, and opposed direction of DIF.
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α unbalanced, β unbalanced, alike

Figure S26: Cluster length for the best cluster in the condition of unbalanced α-DIF, unbalanced β-DIF,
and same direction of DIF.
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Figure S27: Hit rate for the best cluster in the condition of unbalanced α-DIF, unbalanced β-DIF, and
same direction of DIF.
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Figure S28: Bias in estimated mean di�erence for the best cluster in the condition of unbalanced α-DIF,
unbalanced β-DIF, and same direction of DIF.
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Figure S29: Bias in estimated relation of variances for the best cluster in the condition of unbalanced
α-DIF, unbalanced β-DIF, and same direction of DIF.
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α unbalanced, β unbalanced, opposed

Figure S30: Cluster length for the best cluster in the condition of unbalanced α-DIF, unbalanced β-DIF,
and opposed direction of DIF.
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Figure S31: Hit rate for the best cluster in the condition of unbalanced α-DIF, unbalanced β-DIF, and
opposed direction of DIF.
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Figure S32: Bias in estimated mean di�erence for the best cluster in the condition of unbalanced α-DIF,
unbalanced β-DIF, and opposed direction of DIF.
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Figure S33: Bias in estimated relation of variances for the best cluster in the condition of unbalanced
α-DIF, unbalanced β-DIF, and opposed direction of DIF.
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Results compared across DIF-balancedness conditions

a=0.05, b=0.10

Figure S34: Cluster length for the best cluster for a = 0.05, b = 0.10.
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Figure S35: Hit rate for the best cluster for a = 0.05, b = 0.10.

Figure S36: Bias in estimated mean di�erence for the best cluster for a = 0.05, b = 0.10.
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Figure S37: Bias in estimated relation of variances for the best cluster for a = 0.05, b = 0.10.
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a=0.05, b=0.50

Figure S38: Cluster length for the best cluster for a = 0.05, b = 0.50.

Figure S39: Hit rate for the best cluster for a = 0.05, b = 0.50.
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Figure S40: Bias in estimated mean di�erence for the best cluster for a = 0.05, b = 0.50.

Figure S41: Bias in estimated relation of variances for the best cluster for a = 0.05, b = 0.50.
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a=0.05, b=0.80

Figure S42: Cluster length for the best cluster for a = 0.05, b = 0.80.

Figure S43: Hit rate for the best cluster for a = 0.05, b = 0.80.
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Figure S44: Bias in estimated mean di�erence for the best cluster for a = 0.05, b = 0.80.

Figure S45: Bias in estimated relation of variances for the best cluster for a = 0.05, b = 0.80.
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a=0.20, b=0.10

Figure S46: Cluster length for the best cluster for a = 0.20, b = 0.10.

Figure S47: Hit rate for the best cluster for a = 0.20, b = 0.10.
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Figure S48: Bias in estimated mean di�erence for the best cluster for a = 0.20, b = 0.10.

Figure S49: Bias in estimated relation of variances for the best cluster for a = 0.20, b = 0.10.
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a=0.20, b=0.50

Figure S50: Cluster length for the best cluster for a = 0.20, b = 0.50.

Figure S51: Hit rate for the best cluster for a = 0.20, b = 0.50.
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Figure S52: Bias in estimated mean di�erence for the best cluster for a = 0.20, b = 0.50.

Figure S53: Bias in estimated relation of variances for the best cluster for a = 0.20, b = 0.50.
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a=0.20, b=0.80

Figure S54: Cluster length for the best cluster for a = 0.20, b = 0.80.

Figure S55: Hit rate for the best cluster for a = 0.20, b = 0.80.
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Figure S56: Bias in estimated mean di�erence for the best cluster for a = 0.20, b = 0.80.

Figure S57: Bias in estimated relation of variances for the best cluster for a = 0.20, b = 0.80.
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a=0.30, b=0.10

Figure S58: Cluster length for the best cluster for a = 0.30, b = 0.10.

Figure S59: Hit rate for the best cluster for a = 0.30, b = 0.10.
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Figure S60: Bias in estimated mean di�erence for the best cluster for a = 0.30, b = 0.10.

Figure S61: Bias in estimated relation of variances for the best cluster for a = 0.30, b = 0.10.
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a=0.30, b=0.50

Figure S62: Cluster length for the best cluster for a = 0.30, b = 0.50.

Figure S63: Hit rate for the best cluster for a = 0.30, b = 0.50.
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Figure S64: Bias in estimated mean di�erence for the best cluster for a = 0.30, b = 0.50.

Figure S65: Bias in estimated relation of variances for the best cluster for a = 0.30, b = 0.50.
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a=0.30, b=0.80

Figure S66: Cluster length for the best cluster for a = 0.30, b = 0.80.

Figure S67: Hit rate for the best cluster for a = 0.30, b = 0.80.
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Figure S68: Bias in estimated mean di�erence for the best cluster for a = 0.30, b = 0.80.

Figure S69: Bias in estimated relation of variances for the best cluster for a = 0.30, b = 0.80.
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