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Measurement invariance testing in
questionnaires: A comparison of three
Multigroup-CFA and IRT-based
approaches
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Abstract

International Large-Scale Assessments aim at comparisons of countries with respect to latent con-
structs such as attitudes, values and beliefs. Measurement invariance (MI) needs to hold in order for
such comparisons to be valid. Several statistical approaches to test for MI have been proposed:
While Multigroup Confirmatory Factor Analysis (MGCFA) is particularly popular, a newer, IRT-
based approach was introduced for non-cognitive constructs in PISA 2015, thus raising the question
of consistency between these approaches. A total of three approaches (MGCFA for ordinal and
continuous data, multi-group IRT) were applied to simulated data containing different types and
extents of MI violations, and to the empirical non-cognitive PISA 2015 data. Analyses are based on
indices of the magnitude (i.e., parameter-specific modification indices resulting from MGCFA and
group-specific item fit statistics resulting from the IRT approach) and direction of local misfit (i.e.,
standardized parameter change and mean deviation, respectively). Results indicate that all measures
were sensitive to (some) MI violations and more consistent in identifying group differences in item
difficulty parameters.
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Background

Many international large-scale assessments (ILSAs) such as the Programme for Interna-
tional Student Assessment (PISA), the Programme for International Assessment of Adult
Competencies (PIAAC), Trends in International Mathematics and Science Study (TIMSS),
and Progress in International Reading Literacy Study (PIRLS), aim at measuring latent
constructs such as competencies, attitudes, values and beliefs in participating countries, and
at comparing the resulting scale scores or relationships between them across these coun-
tries. In order for such comparisons to be valid, measurement invariance (MI) pertaining to
the underlying measurement model needs to hold. A number of different statistical proce-
dures to test for MI have been proposed (for an overview, see Vandenberg, & Lance, 2000;
for more recent developments, see Van De Schoot, Schmidt, De Beuckelaer, Lek &
Zondervan-Zwijnenburg, 2015), the most popular of which being the multigroup confirma-
tory factor analysis (Joreskog, 1971) approach (Cieciuch, Davidov, Schmidt, Algesheimer,
& Schwartz, 2014; Greiff & Scherer, 2018). In its most recent cycle, the Programme for
International Student Assessment (PISA 2015) applied another, rather new approach for
testing the invariance of IRT-scaled constructs (OECD, 2017). A total of three statistical
approaches resulting from these two general frameworks are presented in detail below, and
their comparison forms the subject of this paper.

Many, if not all of the ILSAs consist of both a cognitive assessment and a questionnaire,
the latter providing auxiliary information regarding the contexts of teaching and learning
such as attitudes toward learning, home resources, pedagogical practices, and school
resources, to name a few (Kuger, Klieme, Jude, & Kaplan, 2016). While a lot of (media)
attention is placed on findings regarding the cognitive assessment alone, context ques-
tionnaires are equally important as they contribute to the achievement estimation and
allow for the “contextualization” of student performances in participating countries
(Rutkowski & Rutkowski, 2010). In fact, a recent literature review on the nature of PI-
SA-related publications demonstrated that the majority of secondary research focused on
constructs administered with questionnaires (Hopfenbeck, Lenkeit, E1 Masri, Cantrell,
Ryan, & Baird, 2018). Despite this prominence, the authors reported that while many
studies investigated measurement invariance of the cognitive part of the assessment, only
few studies did for the PISA questionnaires. This imbalance in favor of cognitive con-
structs is not restricted to PISA but generalizes to other ILSAs such as TIMSS (Braeken
& Blomeke, 2016). According to another recent literature review, only very few studies
in cross-cultural psychology focusing on comparisons between cultures tested for MI
(e.g., only 16.8% in the Journal of Cross-Cultural Psychology (JCCP): Boer, Hanke &
He, 2018). This study will therefore focus on MI testing related to constructs adminis-
tered with questionnaires.

Multigroup confirmatory factor analysis (MGCFA)

Multigroup confirmatory factor analysis (MGCFA; Joreskog, 1971) presents the tradi-
tional and by far most commonly employed approach to MI testing (e.g., Boer et al,,
2018; Cieciuch et al., 2014; Greiff & Scherer, 2018). It is based on confirmatory factor
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analysis (Joreskog, 1969) in which a set of observed indicator items X, is predicted by a
latent person variable &, . However, instead of one set of parameters describing the
linear relationship between X; and &, the MGCFA model consists of one set of parame-
ters per group, and the equivalence of these parameters between groups is tested in a
series of logically ordered and increasingly restrictive models (Byrne, 2012). The model

can be represented by
Xijg:ﬂ“igégj"'aig"'gfjg (M

in which the response of person j in group g on item i, X, , is predicted by the loading
(or “slope”, 4, ) and intercept (¢, ) parameters of item 7 in group g, the person’s level

on the latent construct, & > a8 well as an error term i with &~ N 0,0'fi
8

Typically, the analysis begins with a model in which the configuration (i.e., the set of
items serving as indicators for the latent construct) is specified to be the same across
groups, yet all parameters are freely estimated, followed by a model in which all slope
parameters (4, ) are constrained to be equal across groups, followed by a model in which
both slope (4, ) and intercept ( ¢; ) parameters are constrained to be equal across groups.
These models represent different levels of measurement invariance, i.e., configural,
metric (or “weak”, cf. Meredith, 1993), and scalar (or “strong”, cf. Meredith, 1993),
respectively, and have implications for the interpretation of factor scores, ¢&;. In the
presence of metric invariance, associations between factor scores and other variables can
be compared across groups, while in the presence of scalar invariance, factor scores
themselves may also be compared, in addition to associations among them. The decision
on the level of measurement invariance (configural, metric, scalar) is typically based on
the degree of change in global model fit between two subsequent models, thus indicating
whether the introduction of the respective equality constraints and, thus, the equality of
parameters can be assumed. Several rules of thumb for acceptable change in model fit
have been proposed for various model fit indices such as CFI, TLI, and RMSEA (e.g.,
Chen, 2007).

The MGCFA method, however, has proven to be impractical and unreliable in the pres-
ence of many groups (Rutkowski & Svetina, 2014), making it unfeasible for operational
use in the context of ILSAs in which many groups are rather common. For example, 72
countries participated in PISA 2015, however, the most extreme simulation condition
implemented in Rutkowski and Svetina (2014) contained a total of only 20 groups. Even
though the authors suggested more lenient criteria in the presence of 20 groups, it can be
expected that these are still too conservative for ILSAs such as PISA.

Modification indices. One way to get around the global model fit information is to make
use of parameter-specific modification indices (Mols), thus providing information on
local model fit. For each parameter constraint, Mols indicate how much the global model
fit would improve in terms of likelihood (transformed into chi-square distributed quanti-
ties) if this particular parameter was freely estimated or if this parameter’s constraint
(e.g., equality between groups) was released (Sorbom, 1989). Modification indices may
be used to respecify the model at hand by introducing additional parameters, but this
changes the nature of the procedure from being confirmatory to being exploratory. It also
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needs to be noted that a model’s Mols are not independent from each other as the release
of one parameter can change the fit of the model as a whole. Consequently, the sequence
of releasing model constraints might change the final model resulting from such a proce-
dure (e.g., MacCallum, Roznowski, & Necowitz, 1992). In this study, Mols will be sub-
ject to analyses, not to guide model modification but because they provide a valuable
indication of local model fit.

Expected parameter change. The Expected Parameter Change (EPC) statistic has been
suggested as an alternative way to evaluate model misspecifications. The EPC indicates
the estimated change in a restricted model parameter if it were freely estimated, thus
providing “a direct estimate of the size of the misspecification for the restricted parame-
ters” (Saris, Satorra, & Sorbom, 1987, p. 120). First introduced by Saris et al. (1987),
Chou and Bentler (1993) provided a fully standardized version of the statistic that we
will refer to as “SEPC” in the following. According to Whittaker (2012) who conducted
a cited reference search in the Social Sciences Citation Index, the majority of empirical
studies investigating measurement invariance using the MGCFA approach based their
analyses on both Mols and the EPC or SEPC statistic.

It needs to be noted that the model presented above (eq. 1) assumes the variables to be
continuous and follow a normal distribution. However, items used in questionnaires of
large-scale assessments typically use ordered categorical, Likert-type items, thus violat-
ing this assumption. For PISA 2015, for example, the median number of response cate-
gories of the items used for scaling the non-cognitive constructs was four (OECD, 2017,
also, see Annex A). Measurement models for ordered categorical data have been extend-
ed to the multiple-group case (e.g., Muthén & Asparouhov, 2002), but were found to be
less widely discussed than the single group case (Millsap, 2011, p. 126) and are hardly
seen in practice. However, we will also include findings resulting from ordinal
MGCFAs.

IRT item fit

A rather new approach to investigating measurement invariance is based on item fit of an
IRT model (for applications, see Oliveri & von Davier, 2011, 2014; Pokropek, Bor-
gonovi, & McCormick, 2017). While it has been implemented operationally in an ILSA
before (PIAAC, see Yamamoto, Khorramdel & von Davier, 2013), PISA 2015 was the
first ILSA to use the procedure for both the cognitive assessment and the context ques-
tionnaires. It was applied to all 58 scales based on response data from questionnaires
administered to students, parents, school principals and teachers (OECD, 2017).

In an initial step, a concurrent calibration is conducted in which all item parameters are
constrained to be equal across all equally weighted (“senate weighted”, cf. Gonzalez,
2012, p. 121) groups (i.e., languages within countries). The calibration is based on the
generalized partial credit model (GPCM; Muraki, 1992) which takes the form
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in which P(X . ) is the probability of person j in group g responding in category x of

yg
item i, 6, is the latent trait of person j, ¢, represents the discrimination of item i in

J g
group g, and f3,, represents the threshold u of item i in group g. Based on this model
with equal item parameters across all groups g, a group-specific item-fit statistic (root-
mean-square deviance; RMSDg ) was calculated and served as a measure for the invari-

ance of item parameters for individual groups.

RMSD. For an item i with k=0, 1,...K response categories, RMSD, for group g is
defined as

1 K
RMSDg = \/EZ(Polm,gk (9) - })exp,gk (6))2 f(e)de’ (4)

k=0

quantifying the difference between the observed item characteristic curve based on pseu-
do counts from the E-step of the EM algorithm (ICC, B)bsﬁgk(ﬁ)) with the model-based
ICC (P, ,(6) ; OECD, 2017; Khorramdel, Shin, & von Davier; 2019; M. von Davier,
personal communication, November 8, 2019). Good item fit — i.e. an RMSD close to
zero — indicates that a group’s data can be described well by the joint item parameters,
thus pointing at the presence of MI. Bad item fit, in contrast, indicates that data cannot be
described well by the joint item parameters, thus pointing at a possible violation of MI. It
needs to be noted that RMSD is an overall measure of fit assessing both cross-country
comparability and the overall goodness-of-fit of that item, so that the presence of bad
item fit is not necessarily indicative of a violation of MI (Pokropek et al., 2017). In PISA
2015, equality constraints were released and group-specific item parameters assigned
whenever RMSD was above a certain cutoff-value, thus resembling the concept of partial
MI known in the context of MGCFA (Byrne, Shavelson, & Muthén, 1989). The efficien-
cy of this procedure in achieving good model fit while maintaining comparable scales
has been demonstrated (Oliveri & von Davier, 2011, 2014).

Mean deviation. The mean deviation (MD) provides an alternative, yet related measure
of item fit. Just as the RMSD, it quantifies the difference between an item’s observed and
model-based ICC, but as it is based on the weighted sum of these differences, it quanti-
fies both the magnitude and direction of these differences. For the polytomous case, MD
is defined as

1 X
MDg = K+1]§)(B;hs‘gk(9)_PeA‘p,gk (0))f(9)d0 )
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According to Khorramdel et al. (2019), “the MD is most sensitive to the deviations of
observed item difficulty parameters from the estimated ICC, [while] the RMSD is sensi-
tive to the deviations of both the item difficulty parameters and item slope parameters”
(p. 622).

As RMSD and MD have been introduced only recently, they have not been studied ex-
tensively. To our knowledge, of the two only the RMSD is subject to current research,
both in the one-group and multiple-group case (e.g., Kohler, Robitzsch, and Hartig, in
press; Author). For the one-group scenario, Kéhler and colleagues (in press) demonstrat-
ed that the RMSD depends on sample size and the number of indicator items: it decreas-
es with increasing sample size (due to the reduction of the finite-sample bias) and it
increases for higher numbers of indicator items (due to a decrease of accuracy in item
difficulty estimation which leads to a larger difference between the expected and the
observed IRF and, thus, an increase in the RMSD). Knowing the statistic’s null distribu-
tion, however, is particularly important as RMSD provides descriptive information rather
than a formal test, thus depending heavily on a cutoff criterion that can be well-justified.
While Oliveri and von Davier (2011, 2014) recommended a value of RMSD equal to .1
to serve as a cutoff criterion, values of .12 and .3 were used for the cognitive and non-
cognitive constructs in PISA 2015, respectively (OECD, 2017). A recent sensitivity
study, however, indicated that a value of .3 for polytomous items (typical for question-
naires) might have still been too lenient (Author). For the purpose of this study, we do
not rely on the choice of a specific cutoff criterion for the RMSD.

The RMSD can be regarded as a measure of the magnitude of local misfit (similar to
Mols in MGCFA), indicating how well the joint parameters of a specific item (discrimi-
nation, threshold) fit the data of a specific group, while MD can be regarded as a meas-
ure for the direction of local misfit (similar to SEPC in MGCFA).

Aim of the study

Two general frameworks for MI testing (MGCFA-based, IRT-based) have been intro-
duced above. While one of the two was operationally used in a prominent ILSA and
promises practicality in the ILSA context, the other one is considered the method of
choice in the research community. While all three approaches provide quantitative
measures of the magnitude (RMSD, Mols) and direction (MD, SEPC) of model misfit,
they also differ in four major aspects: (1) the underlying measurement model (IRT vs.
CFA), (2) the nature of the analysis (descriptive vs. formal test), (3) the level of analysis
(item fit vs. model fit — or, when using Mols — item fit vs. parameter fit), and (4) the
assumptions about the nature of the indicators (ordered categorical vs. continuous). Little
is known about the relationship between the approaches: Are their findings consistent or
would researchers come to different conclusions about the presence of MI, depending on
the statistical approach they were using? The present study therefore aims at investigat-
ing the consistency between the approaches in quantifying the degree of MI for a given
dataset.
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Particular emphasis will be placed on questionnaire data that are typically polytomous in
nature. This is to address the observation according to which MI testing in the context of
ILSAs is almost exclusively focused on the cognitive parts of the assessment only in
which dichotomous items are more typical.

We will first conduct a Monte-Carlo simulation study in which we vary the pattern and
extent of the underlying non-invariance and apply the three methods (MGCFA- and
GPCM-based, respectively) to these data. In the subsequent empirical application, we
will investigate the consistency between the two approaches based on the published
PISA 2015 questionnaire data.

Method

To compare the performance of the two approaches in identifying violations of MI (or
“non-MI”), we conducted a Monte-Carlo simulation study in which true data follow
different patterns of non-MI, and the two approaches’ ability in quantifying these is
investigated.

Data generation. Response data for five four-category items were generated for a total
of N=50,000 simulees across 50 groups with 1,000 simulees each. These responses are
based on a normal ogive graded response model of the form

7y =®(z, = 40,) - (7, ~ 246;) (6)

in which 7,; represents the probability of person , responding in category x
(xe {1,2,3,4} ) of item i, 6, represents the ability of person j, A, represents the load-
ing (also “slope” or “discrimination”) of item i, and 7, represents the threshold for
category x on item i with 7,; =—o0 and 7,, =+ .

In the basic simulation setup, parameters for all five items i were set to be identical
across groups with z; :(—1,0,1) and 4 =1. For the implementation of the different
patterns of violations of MI, see the next section (“Simulation design”). Values for the
person parameter ¢ were drawn from a group-specific normal distribution, and groups
(g ) were allowed to vary in both means and standard deviation:

0 ~N (4,0, @
Because of

1, ~N(0,0.5) (8)

o, ~U(81.2) 9)

the variation within groups was larger than the variation between groups. Distribution
parameters 4, and o, as well as values for ¢ were sampled within replications. Each

condition was replicated 1,000 times.
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Simulation design. To implement different patterns of non-MI, we shifted the item
parameters A, and t; for the last item in each group (item 5) by adding a group-specific
constant, indicated by L, and 7, , respectively, depending on the simulation condition:

sy =k +1L, (10)
TSg:Ti+Tg (11)

We manipulated both type (between-replications) and extent (within-replications) of
non-MI. Regarding #ype, we implemented three simulation conditions: (1) a baseline
condition with equal item parameters across all groups and items, i.e., a condition in
which MI holds, (2) a condition in which groups differ with respect to the slope parame-
ter of item 5, A, and (3) a condition in which groups differ with respect to the threshold
parameters of item 5, 7, . In addition, we manipulated the extent of non-MI within repli-
cations by varying the shift of a group’s parameter from the average parameter. Table 1
provides the exact specification of these “shift parameters” (L, , 7, ), thus illustrating
the simulation design. Note that they were not sampled from the intervals provided in
Table 1, but instead were chosen to be equidistant and unique across the 50 groups, thus
taking on as many values as there are groups. With 50 groups and an interval width of 2,
ranging between -1 and 1, L, for the first three groups are L, =-1, L, =-0.959, and
L, =-0.918, respectively, and L, =1 for the last group. With 50 groups and an interval
width of 4, ranging between -2 and 2, Tg becomes 7, =-2, 7, =-1.918, T, =-1.837,
..., and T, =2, respectively. As a result, group 1 in condition 2 was assigned the item
parameters A, =4, + L =1+(-1)=0 and 7, =7, +7, =(~1,0,1)+0=(-1,0,1). Group 1
in condition 3, in contrast, received the parameters A; =4 +L, =1+0=1 and
g, =1, + 1, =(-1,0,1)+(-2) =(-3,-2,-1).

The deliberate choice of item parameters allows for a systematic inspection of findings
for each level of a violation of MI.

Table 1:
Simulation design with three simulation conditions representing different types of violations
of measurement invariance.

Condition
1 2
L, 0 [-1:1] 0
T, 0 0 [2:2]

Analysis. The 3 (between-conditions) * 1,000 (replications) = 3,000 datasets were each
analyzed under (a) the data-generating ordinal MGCFA model, (b) the MGCFA model
assuming normality, and (c) the multiple-group GPCM model.
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For (a), we estimated a MGCFA model for ordinal data in Mplus (version 8; Muthén &
Muthén, 1998-2017) with equal item parameters (slopes, thresholds) across all groups
using the weighted least square mean and variance adjusted estimator (WLSMV) with
the theta parameterization. With equal slope and threshold parameters across groups, this
model corresponds to a scalar level of MI. The modification index (Mol) and standard-
ized expected parameter change (SEPC, “StdYX E.P.C.” in the Mplus output) statistic
for each parameter (slope, threshold), item, group, condition, and replication were ex-
tracted. For each item’s three threshold parameters, the average Mol and average SEPC
were computed and form the basis for analysis.

For (b), we estimated a MGCFA model for continuous data in Mplus (version 8; Muthén
& Muthén, 1998-2017) with equal item parameters (slopes, intercepts) across all groups
using a maximum likelihood estimator with robust standard errors (MLR). In this model,
the items are treated as continuous variables, an assumption actually violated given the
categorical data generation (for consequences of such a violation, see Li, 2016). Howev-
er, we deliberately chose to include this analysis as we believe the estimation with mod-
els for continuous variables is more common in empirical applications (e.g. Rutkowski &
Svetina, 2014). With equal slope and intercept parameters across groups, this model
corresponds to a scalar level of MI. The modification index (Mol) and expected parame-
ter change (SEPC) statistic for each parameter (slope, intercept), item, group, condition,
and replication were extracted.

For (c), we followed the operational procedure in PISA 2015 as documented in the
Technical Report (OECD, 2017). As such, the data were analyzed under the GPCM (see
eq. 2) with equal item parameters (discriminations, thresholds) across groups using
mdltm (version 1.965; von Davier, 2005; Khorramdel et al., 2019). RMSD and MD
values for each item, group, condition, and replication were extracted.

Results

Table 2 contains the aggregated findings on convergence and global model fit across
replications for the three simulation conditions and the three approaches each. With one
exception, all analyses converged without any problems; problems with convergence
occurred only for the ordinal MGCFA model when groups differed with respect to their
thresholds. For the majority of these cases (5.2 out of 6.8%), this was due to a lack of
observations in each response category for every group which is a necessary condition
for this model. As expected, the baseline condition (condition 1) consistently shows best
fit compared with the other two conditions. Among the remaining two conditions, better
absolute and relative fit indices are observed when groups differ in slopes (condition 2),
and worst fit occurs when groups differ in thresholds (condition 3).

In the following, all results are based on item 5, the item for which groups differed in
either their slope or threshold parameter, depending on the simulation condition. Table 3
contains descriptive statistics on indices regarding the magnitude of local misfit resulting
from each of the three approaches, aggregated across replications for each of the three
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Table 2:
Global model fit across replications by simulation condition.
Condition
1 (baseline) 2 (slope) 3 (thresholds)

MGCFA (ordinal)

Successful replications (%) 100 100 93.2

CFI 1.000 (0.000) 0.938 (0.004) 0.668 (0.020)

RMSEA 0.003 (0.003) 0.090 (0.002) 0.206 (0.005)

7° (df-887) 889 (43) 8141 (336) 38454 (1956)
MGCFA (continuous)

Successful replications (%) 100 100 100

CFI 1.000 (0.000) 0.921 (0.005) 0.447 (0.024)

RMSEA 0.003 (0.004) 0.081 (0.002) 0.215 (0.003)

Ve (df=642) 643 (37) 4840 (231) 30233 (699)
GPCM

Successful replications (%) 100 100 100

AIC 606191 (4729) 611487 (4393) 615238 (4900)

BIC 607231 (4729) 612527 (4393) 616279 (4900)

Log likelihood -302977 (2365)  -305625(2197)  -307501 (2450)

Note. First value represents Mean, value in brackets SD. Conditions: (1) baseline condition with equal
item parameters across all groups, (2) group differences with respect to item slope, (3) group differences
with respect to item thresholds.

Table 3:
Indices regarding the magnitude of local misfit on item 5 resulting from the different
approaches (MGCFA- and GPCM-based) across replications by simulation condition.

Condition
2 (slope)

1 (baseline) 3 (thresholds)

MGCFA (ordinal)

Mol (slope) 1.399 (2.069) 128.202 (146.339)  921.303 (1679.896)

Mol (threshold) 1.001 (0.908) 44.560 (49.276) 557.796 (818.863)
MGCFA (continuous)

Mol (slope) 0.803 (1.132) 72.651 (88.312) 117.864 (156.947)

Mol (intercept) 0.989 (1.389) 20.198 (38.681) 376.301 (251.118)
GPCM

RMSD 0.035 (0.010) 0.114 (0.056) 0.254 (0.102)

Note. First value represents Mean, value in brackets SD. Conditions: (1) baseline condition with equal
item parameters across all groups, (2) group differences with respect to item slope, (3) group differences
with respect to item thresholds. Mol: modification index.
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conditions. Just as on the global level, best local fit occurred in the baseline condition
(condition 1) while worst fit was observed when groups differ in item thresholds (condi-
tion 3). Under the ordinal MGCFA model, Mols are consistently higher for the slope
parameter regardless the simulation condition. Under the assumption of continuous indi-
cators, however, the findings relate to the two models’ parameters in the expected direc-
tion: When groups differed with respect to item slopes (condition 2), higher values (larg-
er misfit) occurred for slope-related Mols than for intercept-related Mols. In contrast,
when groups differed with respect to item thresholds (condition 3), higher values (larger
misfit) occurred for the intercept-related Mols than for slope-related Mols. In general,
the largest misfit is observed in condition 3 for all indices on the magnitude of local
misfit.

In addition to the type of non-MI, the extent of non-MI was manipulated within replica-
tions. To see the impact of a group’s deviation from the true parameter, Figures 1 and 2
show the indices on the magnitude (Mol, RMSD) and direction of local misfit (SEPC,
MD), respectively, conditional on group membership and, thus, conditional on the extent
of the MI violation. Under all approaches, indices for the magnitude of local misfit (Mol,
RMSD) are generally highest in the condition with group differences in thresholds (con-
dition 3) and lowest in the condition where MI holds (condition 1). Also under all ap-
proaches, the two conditions with MI violations (conditions 2 and 3) show a U-shaped
pattern, indicating larger misfit for groups with high absolute deviations from the aver-
age parameter as indicated by the shift parameters, L, and 7, . For the ordinal MGCFA
model, Mols relating to the slope parameter are consistently highest, regardless the simu-
lation condition. Under the assumption of continuous indicators, the parameter-specific
Mols reflect the type of MI violation much better: when groups differ in slopes, the
slope-related Mols exceed the intercept-related Mols (condition 2), and when groups
differ in thresholds, the intercept-related Mols exceed the slope-related Mols (condition
3). However, for both MGCFA-based approaches, the two parameter-related Mols ap-
pear to be not completely independent from each other either. Under both types of non-
MI, not only did the Mol relating to the parameter in question react but also the other
Mol. When comparing the two MGCFA-based approaches with the GPCM, a difference
in the symmetry of the pattern resulting under condition 2 becomes apparent: While the
RMSD is sensitive to both negative and positive deviations of a group’s slope from the
average slope parameter, the Mols resulting from both MGCFA-based approaches seem
to only pick up negative deviations, i.e., low slopes.

Regarding the indices for the direction of local misfit (Figure 2), the patterns are very
similar with those described above: indices are highest when groups differ in their
thresholds (condition 3) and lowest when MI holds (condition 1). For the ordinal
MGCFA model, the pattern is only in the expected direction when groups differ in
slopes, and indistinct when groups differ in thresholds. The pattern, again, is much clear-
er for the continuous MGCFA model: the slope-related SEPC varies as a function of the
shift parameter L, when groups differ in slopes (condition 2), and the intercept-related
SEPC varies as a function of T, when groups differ in thresholds (condition 3). Under
the GPCM, MD is always in the expected direction, but much more pronounced under
the implementation of non-MI in condition 3.
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While Table 3 as well as Figures 1 and 2 were based on the univariate properties of the
indices of the magnitude and direction of local misfit, the next section focuses on the
relationship among the indices resulting from the two MGCFA approaches on the one
hand and the GPCM on the other hand. For each replication in each condition, the Pear-
son correlation between all of the indices on the magnitude of misfit was calculated.
Table 4 contains descriptive statistics of the correlation coefficients, aggregated by simu-
lation condition.

For both the CFA for ordinal and continuous indicators, the lowest correlations occurred
in the condition in which MI holds (condition 1). Yet, the correlations are not zero either
and higher for the ordinal CFA model, thus indicating that the parameters are not com-
pletely independent which could be explained through the presence of joint sampling
variance underlying the data simulation. With respect to the other two conditions, the
pattern differs between the two MGCFA approaches. For the continuous CFA model, the
highest correlations can be observed between the sets of statistics that could be expected:
In the condition with group differences in slope parameters (condition 2), RMSD corre-
lates higher with slope-related Mols (M = .752) than with intercept-related Mols (M =
.584); in the condition with group differences in threshold parameters (condition 3),
RMSD correlates higher with intercept-related Mols (M = .915) than with slope-related
Mols (M = .521). Under the ordinal CFA model, the pattern is flipped: when groups
differ in slopes (condition 2), the average correlation of RMSD with the threshold-related
Mol is higher (M = .0813) than with slope-related Mol (M = .783); when groups differ in

Table 4:
Average correlation between the indices regarding the magnitude of local misfit resulting
from the different approaches (MGCFA- and GPCM-based) across replications by simulation
condition.

Condition

1 (baseline)

2 (slope)

3 (thresholds)

MGCFA (ordinal)
RMSD with Mol (slope)
RMSD with Mol (threshold)
Mol (threshold) with Mol (slope)

0.226 (0.151)
0.443 (0.121)
0.627 (0.165)

0.783 (0.101)
0.813 (0.041)
0.937 (0.091)

0.455 (0.270)
0.588 (0.115)
0.708 (0.311)

MGCFA (continuous)
RMSD with Mol (slope)
RMSD with Mol (intercept)
Mol (intercept) with Mol (slope)

0.155 (0.143)
0.214 (0.143)
0.263 (0.231)

0.752 (0.057)
0.548 (0.114)
0.642 (0.140)

0.521 (0.128)
0.915 (0.023)
0.570 (0.118)

Note. First value represents Mean, value in brackets SD. Conditions: (1) baseline condition with equal
item parameters across all groups, (2) group differences with respect to item slope, (3) group differences
with respect to item thresholds. Mol: modification index.
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thresholds (condition 3), the average correlation of RMSD with slope-related Mol (M =
.588) is higher than with threshold-related Mol (M = .455). Table 4 also contains find-
ings for the correlations between the two sets of Mols. Under both MGCFA approaches
and across conditions, they are consistently larger than zero, thus indicating a dependen-
cy between these parameters. This is consistent with the observation made on the basis of
Figure 1 in which both Mols were found to react to group differences in either of the two
parameters. This finding is surprising given that the parameters of the data generating
model are independent from each other. As such, the introduction of group differences in
either of the two parameters cannot have influenced the respective other parameter. Even
more surprising is the fact that these correlations are much higher for the ordinal, data-
generating model.

Parallel to the analyses above, we also calculated the Pearson correlation between all of
the indices on the direction of local misfit. Table 5 contains the descriptive statistics of
these correlations, aggregated by condition. In contrast to the findings reported above,
the two MGCFA-based indices (SEPC) show a very similar pattern for their relationship
with the GPCM-based index (MD): for both the ordinal and continuous MGCFA-model,
MD correlates higher with slope- than with intercept-related SEPC when groups differ in
slopes (condition 2), and MD correlates higher with intercept- than with slope-related
SEPC when groups differ in thresholds (condition 3). Also in contrast with the findings
reported above, the correlations among the two parameter-related SEPC indices are
much lower than the correlations among the Mols.

Table S:
Average correlation between the indices regarding the direction of local misfit resulting from
the different approaches (MGCFA- and GPCM-based) across replications by simulation
condition.

Condition

1 (baseline) 2 (slope) 3 (thresholds)

MGCFA (ordinal)
MD with SEPC (slope) -0.425 (0.354) -0.785 (0.066) -0.347 (0.733)
MD with SEPC (threshold) -0.65 (0.096) -0.537 (0.124) -0.964 (0.012)
SEPC (threshold) with SEPC (slope) 0.008 (0.588) 0.000 (0.202) 0.313 (0.770)
MGCFA (continuous)
MD with SEPC (slope) -0.258 (0.275) -0.742 (0.116) -0.169 (0.601)
MD with SEPC (intercept) 0.632 (0.083) 0.579 (0.114) 0.955 (0.016)
SEPC (intercept) with SEPC (slope) -0.005 (0.402) -0.002 (0.257) -0.155 (0.626)

Note. First value represents Mean, value in brackets SD. Conditions: (1) baseline condition with equal
item parameters across all groups, (2) group differences with respect to item slope, (3) group differences
with respect to item thresholds. SEPC: standardized expected parameter change; MD: mean deviation.
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Empirical application

In the following, the consistency of findings resulting from the different approaches is
investigated using the published data of the PISA 2015 assessment. A total of 58 scales
based on data from the student, school principal, parent, and teacher questionnaires have
been reported (for an overview, see OECD, 2017, as well as Appendix A) and are subject
to this analysis.

Just as in the simulation study, data were estimated under (a) the MGCFA model assum-
ing normality, and (b) the multiple-group GPCM. However, note that because of compu-
tational difficulties we refrained from reporting findings resulting from the ordinal
MGCFA approach due to extremely skew distributions: many of the scales had too few
observations for at least one group on at least one item. Removing such instances from
the analysis would have strongly impaired our analysis of the consistency with findings
from the GPCM approach. For approaches (a) and (b), we used the same software and
model specifications as those detailed in the context of the simulation study above. In
addition, we applied senate weights for both analyses to replicate the operational proce-
dure of PISA 2015 (OECD, 2017); however, grouping was based on countries for ease of
reporting, not on country-by-language interactions. These analyses yield one RMSD and
two Mols for each item of a scale in each country. The data can thus be described as
fully-crossed, with each item being affiliated with both a scale and a country. The con-
sistency between findings from the two approaches can therefore, in theory, be investi-
gated from three different angles: whether the approaches are consistent in (1) identify-
ing problematic items, (2) in identifying problematic scales, and (3) in identifying prob-
lematic groups. As such, findings for the consistency between indices of the magnitude
and direction of local misfit resulting from either of the two approaches could potentially
be (1) presented on the item level, (2) aggregated on the scale level, and (3) aggregated
on the country level. However, Mols indicate the improvement in global model fit in
terms of likelihood (transformed into chi-square distributed quantities). As such, the
statistic depends on the model’s chi-square which in turn depends on the number of
variables and cases. As a consequence of its unstandardized nature, Mols cannot be
compared between scales, so analyses of this empirical application are restricted to com-
parisons within scales.

Consistency on the scale level. For each of the 58 scales, Annex A contains descriptive
statistics on CFA model fit of the scalar model, indices of the magnitude and direction of
local misfit resulting from either of the two approaches, and coefficients for the correla-
tion between these indices.

Many of the scales exhibit values on the indices of absolute model fit below common
cutoff values (e.g. Byrne, 2012), thus indicating that scalar MI might not hold in all cases
(or, even worse, that weaker levels of MI or even the measurement model as a whole
does not fit the data). Results on local misfit consistently show larger values for Mols
relating to intercepts than those relating to slopes, pointing at group differences with
respect to the items’ difficulty throughout all of the scales. Most important to the re-
search interest are the correlations among the indices of the magnitude and direction of
local misfit resulting from either of the two approaches. Regarding the magnitude of
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local misfit, RMSD and intercept-related Mols correlate at » = .604 (SD = .145), on
average, while RMSD and slope-related Mols correlate at only » = .349 (SD = .150), on
average. In addition, the correlations between RMSD and intercept-related Mols were
consistently higher throughout all of the scales. Regarding the direction of local misfit,
MD and intercept-related SEPC correlate at » = .643 (SD = .201), on average, while MD
and slope-related SEPC correlate at only » = -.149 (SD = .337), on average. For 55 out of
58 scales, the absolute value of the correlation coefficient between MD and intercept-
related SEPC was higher than that of MD and the slope-related SEPC.

Discussion

Measurement invariance presents a fundamental prerequisite underlying valid country
comparisons with respect to latent constructs. It is surprising to see how rarely MI testing
is actually conducted in research practice, especially when it comes to non-cognitive
constructs (Boer et al., 2018; Bracken & Blomeke, 2016; Rutkowski & Rutkowski,
2017). This study aimed at a better understanding of the relationship between statistical
approaches of particular prominence, thus hoping to reduce potential confusion in select-
ing either one or the other, and ultimately increase the number of studies in which MI is
tested before substantive research questions are addressed.

One of the methods under investigation in this study was a rather new, IRT-based ap-
proach that showed great promise in a particularly large ILSA while a second, CFA-
based method is known to many applied researchers in the field. In addition, we included
a third, CFA-based approach that accounts for the categorical nature of items typically
found in questionnaires. Regarding the first two methods, results for both types of indi-
ces (pertaining to magnitude and direction of local misfit) in both the simulation study
and the empirical application demonstrated a high consistency in identifying group dif-
ferences in the threshold parameter representing the difficulty of responding in a high
category of an item. In contrast, the consistency in identifying group differences in the
slope parameter, representing the strength of the relationship between an indicator and
the latent construct, was substantially lower. This raises the question as to which ap-
proach is superior in identifying the latter type of MI violation. While the truth underly-
ing the empirical data is unknown, findings of the simulation study might help in answer-
ing this question. It needs to be noted that the scale of the respective statistics (GPCM-
based RMSD and MGCFA-based modification indices; GPCM-based MD and MGCFA-
based SEPC) cannot be compared per se. However, the variation of the respective statis-
tic conditional on the degree of MI violations might be consulted (cf. Figures 1 and 2).
According to this, RMSD is sensitive to both negative and positive deviations of a
group’s discrimination parameter from the true parameter, while the linear MGCFA’s
slope-related modification index appears to almost exclusively react to negative devia-
tions, i.e., when the true slope parameter is close to zero. True slope parameters close to
2, in contrast, would likely be overlooked although this also presents a violation of MI.
In this case, a particular indicator “drives” the measurement of the latent construct, thus
shifting its meaning toward the content of the particular indicator, and ultimately threat-
ening the comparability of the latent construct between groups. We also confirmed that
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MD is “most sensitive” to misfit in the threshold parameter while RMSD is sensitive to
misfit in both the discrimination and threshold parameter (cf. Khorramdel et al., 2019, p.
622).

Results for the third approach (ordinal MGCFA) are surprisingly indistinct given that
this model served as the data-generating model. While modification index and SEPC
proved to be sensitive to group differences in the slope parameter, both indices pointed at
problems in both slope and threshold parameters when groups differed in thresholds.
This pattern might be explained by the behavior of the model in which the thresholds
indicate cut points of an underlying continuous latent response variable. When thresholds
are fixed to certain inappropriate values in the scalar model, relaxing the slope parameter
can also improve fit to the data as this scales the latent response variable.

As mentioned before, the two general frameworks for statistical approaches to testing
measurement invariance comprising this study have developed independently of each
other, each rooted in their own tradition, and they differ along a number of dimensions.
In order to compare their implications regarding measurement invariance over and above
a dichotomous decision (MI holds or doesn’t hold), we identified measures resulting
from these approaches that quantify similar information on both the magnitude and di-
rection of local model misfit; however, attention needs to be placed on the conceptual
differences between them. While modification indices and SEPC quantify misfit sepa-
rately for slopes and intercepts, RMSD and MD measure an item’s overall goodness-of-
fit, indicating misfit relating to the discrimination parameter, the threshold parameters, or
both. In addition, modification indices and SEPC exclusively quantify misfit due to
constraining parameters to be equal across groups while RMSD and MD quantify misfit
that can be caused by general item misfit, by group differences in the item’s parameters,
or by a combination of both.

Although we tried to keep the simulation setup realistic, some factors limiting the gener-
alizability of findings need to be discussed. First, we simulated the sample size to be
equal with 1,000 cases per group, the number of groups to be 50, the number of response
categories to be 4, and the number of indicator items to be 5. The number of response
categories and the number of indicator items correspond to the respective median across
the 58 questionnaire scales in PISA 2015; sample size and the number of groups, in
contrast, were chosen to be more representative of other ILSAs that are typically smaller
than PISA. In addition, attention needs to be placed on the type and extent of MI viola-
tions that were implemented. With respect to type, we assumed group parameters to vary
more or less but symmetrically around a central parameter. Other patterns, however, are
plausible, for example when one set of groups differs in their joint parameter from the
joint parameter shared by the remaining set of groups. With respect to the extent of MI
violations implemented in this study, we chose the most severe values of shift parameters
to result in parameters that would still be plausible. However, even more severe viola-
tions could be investigated. Finally, it should also be noted that when applying the
MGCEFA to ordinal response data, we explicitly violated the non-linearity underlying the
data generation in the simulation study and the nature of the categorical response data in
the empirical application. As mentioned before, the decision of including this model was
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based on the observation according to which continuous MFCFA is often applied in
practice.

With respect to the empirical study, we aggregated our findings on consistency on the
scale level (across countries) to evaluate the two approaches’ consistency in identifying
problematic scales. It would have been conceptually appealing to also aggregate findings
on the country level (across scales) to evaluate the two approaches’ consistency in identi-
fying problematic countries. However, modification indices are on the metric of model
fit in terms of chi-square and, as such, confounded with properties of the data (numbers
of variables and cases). It would be desirable to single out these scale properties to allow
for comparisons of modification indices across scales.
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