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Pairwise Rasch model item parameter
recovery under sparse data conditions

Jorg-Henrik Heine! & Christian Tarnai®

Abstract

In social science research the occurrence of missing values is a prevalent issue. In addition
to that the use of multi-level response formats often results in low cell frequencies, especially
under the condition of higher proportions of missing values and small datasets. This in turn may
lead to problems for parameter identification in probabilistic item response models, applying the
Conditional Maximum Likelihood (CML) or Marginal Maximum Likelihood (MML) method.
While listwise deletion or pairwise deletion usually results in a significant reduction of the
sample size and may thus impair efficiency, most methods of data imputation require preceding
assumptions about the data loss mechanism, which often can not be checked. Consequently an
alternative non-iterative approach to item parameter recovery is introduced. This will be outlined
using a minimal example. This approach, named PAIR, is based on conditional pairwise item
category comparisons. In the present study data from the NEO-PI-R inventory were analyzed
using three different algorithms for item parameter recovery (PAIR, CML, MML) each under a
continuing rise of missing data. The resulting item parameter estimates are compared with regard
to their accuracy of the point estimates as well as the size of their respective standard errors. The
results are discussed comparatively under the condition of the increasing proportion of missing
values by simulation. The results suggest that even at higher levels of missing data the PAIR
approach leads to stable item parameter estimates.
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Introduction

The objective of this paper is twofold. First, a short overview of different approaches
to item parameter recovery in the framework of Item Response Theory (IRT) is given
placing an emphasis on parameter estimation in the presence of missing data. Also an
alternative approach to identifying the item parameters is introduced. This approach
is the explicit calculation of item parameters on the basis of conditional item category
frequencies, which are obtained through a pairwise comparison task. For better under-
standing the historical background of the method is briefly outlined as well as its relation
to the fundamental assumptions of the Rasch model.

Secondly, the pairwise method is tested in comparison with other methods of item
parameter recovery. For this a dataset comprising of n = 620 students answering to
eight items of one personality facet from the German NEO-PI-R inventory (Ostendorf,
2004) is analyzed. To demonstrate the performance of the pairwise method in the
context of missing values a minimal simulation scenario, based on the empirical dataset
is constructed. The computations following the pairwise comparison approach were
conducted using the R (R Development Core Team, 2014) package pairwise (Heine,
2014) and two other standalone software packages commonly used for estimation of the
Rasch model in social sciences.

According to these two objectives, this article is organized as follows. The first section
gives a general overview including some theoretical and historical aspects of methods of
parameter estimation in the framework of Item Response Theory (IRT). As a rejoinder the
principles of applying pairwise comparisons are derived from the basic equations given
by Rasch (1960) following an approach first formalized by Choppin (1968). Further
a minimal example is illustrated to demonstrate the basic principles of pairwise item
parameter recovery from a practical perspective.

An "empirical section" covers the second objective in order to test the pairwise method
under practical and simulated conditions. Thus the item parameters in the framework of
IRT are recovered for empirical data containing no missing values at baseline first, using
different methods of estimation. Thereupon artificial missing values are added to the
complete baseline dataset in several steps, estimating the item parameters at every stage
of missing data percentage.

Theoretical framework and history of pairwise comparisons

Since the basic formulation of the probabilistic test model by the Danish mathematician
Georg Rash and its extension to multi-level, ordinal response formats by Masters (1982),



Pairwise Rasch Model Item Parameter 5

several estimation methods for parameter recovery have been developed and proposed.
With regard to the practical application of the model, each of these different methods
have certain advantages and disadvantages. As a consequence each method must be
carefully considered in each case of application, depending on the different objectives
of empirical studies, their designs and the kind of inference to draw from their results.
Next, a short outline to several estimation methods in the framework of Item Response
Theory (IRT) is given, that are most prevalent in current applications in social sciences.
The article then goes on to discuss some issues about the structure of the data matrices
in general and the missing data problem in particular, concerning the choice of either
method of parameter estimation in IRT. Lastly the method of pairwise comparisons
as a non-iterative method of item parameter recovery is introduced, beginning with
some remarks on the historical origins of this method and its parallels to measurement
according to the Rasch model.

Methods of parameter estimation in Rasch models

As stated by Johnson (2007) there are basically four estimation methods for (item) param-
eter recovery in the framework of IRT, commonly used in social sciences. The Joint Max-
imum Likelihood (JML), Conditional Maximum Likelihood (CML), Marginal Maximum
Likelihood (MML) and bayesian estimation with Markov Chain Monte Carlo algorithm
(MCMQ). Discussing several estimation methods for the Rasch model with regard of
their precision and accuracy Linacre (1999) generally classified the parameter estimation
methods into iterative and non-iterative methods. Following this outline, parameter
estimation methods as implemented in prevalent software packages commonly used in
social sciences, such as WINMIRA (CML) by von Davier (2001), ConQuest (MML) by
Wu, Adams, Wilson, and Halda (2012), R-packages like MixRasch (JML) introduced
by Willse (2011) and eRm (CML - Mair & Hatzinger, 2007), can be assigned to the
iterative methods. Parameter recovery in those methods is based on maximizing the
likelihood of the margins (model parameters) given the empirical data, in an iterative
algorithm — usually a Newton-Raphson type (Linacre, 2004). While in JML the estima-
tion of item and person parameters is conducted jointly, in CML and MML the structural
parameters (items) are estimated in a separate step by conditioning out the incidental
parameters (persons) in the first estimation step. It is usually recognized, that CML and
MML lead to unbiased and consistent parameter estimates while JML has routinely been
criticized for inconsistency due to the Incidental Parameter Problem (Neyman & Scott,
1948). Concerning this inconsistency it is usually argued that both model parameters,
though assumed in JML, are not symmetrical in their nature. However, Linacre (2004)
argued that consistency and unbiasedness for CML and MML estimates holds only under
certain conditions, which is rarely the case in practical applications. With regard to
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CML estimation Linacre (2004) pointed out that results yield to consistent estimates
only when extreme person score vectors (zero and perfect raw scores) are excluded from
data contributing to the likelihood, which is to be maximized. Thus, by focusing on
the discussion of estimation bias in JML (e.g. Wright, 1988), bias of other iterative
estimation algorithms simply may have been overlooked.

In addition to these widespread and commonly discussed iterative methods, focusing
on item parameter calibration, some non-iterative methods have to be mentioned. For
complete data Cohen (1979) solved the iterative maximum-likelihood equations approxi-
mately and thus developed a procedure, named PROX, which can explicitly be solved —
even by hand (Wright & Masters, 1982). Despite its appealingly simplicity, there is one
major downside to this approach. It strongly recourses on normal distribution for both,
items as well as persons. Within the framework IRT item parameter recovery, another
approach has to be mentioned which splits into an iterative and a non-iterative branch.
That is using pairwise comparisons of item category frequencies. This approach has
already been mentioned by Rasch (1960, p. 172), suggested to him by Gustav Leunbach,
although only in the form of theoretical considerations. It was Choppin (1968, 1985)
who further developed it into practical application in the context of item calibration
within item banks. Choppin (1985) developed Rasch’s suggestion into two techniques
that can be used for paired comparisons to estimate item difficulties (1) an iterative
maximum likelihood approach and (2) a explicit non-iterative approach resulting in
least squares estimates for item parameters (Mosteller, 1951; Garner & Engelhard,
2000). While the maximum likelihood approach of pairwise comparisons received quite
some attention in literature about the Rasch model estimation (e.g. Andrich & Luo,
2003; Zwinderman, 1995; Wright & Masters, 1982), the non-iterative approach did
not. However, the non-iterative approach can be very appealing as it is rather clear and
shows parallels to the fundamental model assumptions formulated by Rasch (1960). Its
numerical simplicity, which is illustrated in more detail later in this paper, is just another
benefit of this approach. Furthermore it holds the special advantage to handle incomplete
data matrices without any hassle, based on its numerical technique.

The missing data problem

Many datasets in social sciences lack completeness. According to Schnell (1997) there
has been an increase in missing rates in social surveys in the last decades. When
analyzing such data researchers are routinely faced with the question of how to deal with
such missing data points in their data matrix under study. Following Schafer and Graham
(2002), the core problem with missing data is, that most methods for data analysis
are not designed for dealing with incomplete data in an appropriate manner. In some
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early conceptualizations regarding the phenomena of missing data structures by Rubin
(1976), three basic missing data mechanisms can be distinguished. Missing completely
at random (MCAR), missing at random (MAR) and missing not at random (MNAR)
— for a comprehensive discussion of this issue see also Little and Rubin (2002). These
different mechanisms have to be taken into account when preparing and analyzing data.
Focusing on estimation of the data in the framework of IRT, the presence of missing data
requires a decision about an appropriate algorithm for parameter estimation taking into
account the missing data mechanism (Mislevy & Wu, 1988). Thus an adequate treatment
of missing data, in terms of using the "right" estimation algorithm, might depend on the
kind of the test, the study design and the kind of inference to draw from the estimation
result and last but not least on the assumption of the underlying mechanism of missing
data. In the framework of IRT scaling of achievement tests, a common practice is to
treat missing data as an incorrect answer. However De Ayala, Plake, and Impara (2001)
showed that this might lead to worse ability parameter estimation and consequently
suggest to substitute missing responses by 0.5 (for dichotomous data).

Another strategy for dealing with missing data is to use several imputation techniques as
an advanced data preparation task before applying IRT scaling procedures. Following
such a procedure Finch (2008) investigated the effectiveness of different imputation
techniques for the recovery of accurate sample estimates of item difficulties and discrim-
ination parameters. Using simulated data Finch (2008) showed that applying different
imputation methods resulted in varying degrees of effectiveness, depending on the differ-
ent underlying mechanisms of missing data. Thus some of those imputation methods
require preliminary assumptions about the missing data mechanism, which most times
are hard to be verified. Others, especially model-based methods, need to be adjusted to
specific subsequent research questions which address the selection of additional variables
for the imputation model. This in turn might necessitate repeated IRT scaling, when
different research questions arise involving other variables. To sum up, one can say, that
imputation techniques as an advanced data preparation task before applying IRT scaling
procedures might hold some potential pitfalls, which might be difficult to deal with.

Against the backdrop of large-scale assessments for parameter estimation in presence
of missing data, which result from booklet designs, a prevalent practice is to use MML
estimation (Bock & Aitkin, 1981; Bock, Mislevy, & Woodson, 1982). This usually aims
at estimating population statistics on group level, based on data gathered with incomplete
booklet designs (Mislevy, Beaton, Kaplan, & Sheehan, 2005) under the assumption of
completely randomly missing data (MCAR) by design. If MML is used to estimate
model parameters, based on the assumption of normal distribution of ability followed
by an comparative analysis of ability of sub-populations, those sub-population defining
variables should be taken into account for estimation by using latent regression models.
This auxiliary information in turn might improve precision of parameter estimates
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(Mislevy, 1988). Also Joint Maximum Likelihood estimation (JML) has proven to be
robust against missing data (Linacre, 1999) and is hence applied under the assumption
of a random missing mechanism. In comparison to MML even non randomly missing
data is more readily accommodated by JML, while this can theoretically be problematic
for MML estimation (DeMars, 2002).

A different strategy to cope with incomplete data occasionally encountered in literature
is to treat the missing data as parameters and to maximize the complete data likelihood
over the missing data and parameters. Although this approach can be useful under
particular missing data problems, Little and Rubin (1983) pointed out that this is in
general no reliable approach to analyzing data matrices with missing data points. In a
more particular case this is simple from a computation perspective, however, only if the
number of missing values is small

As a general conclusion one can say that in theory for most algorithms it is not a
prerequisite to have a perfect complete data matrix with no missing data point in order
to conduct parameter estimation. So scaling following probabilistic theory could be
straightforward with incomplete data. However in practice the presence of missing data
might have an impact on item fit and the model validity of the Rasch model (Hohensinn &
Kubinger, 2011). Furthermore, especially when working with small datasets containing
a relative big amount of missing data, the occurrence of empty cells with multistage
response formats might rise (Andrich & Luo, 2003). As a consequence thereof problems
within the M-step of the EM algorithm might occur when using marginal methods to
find the maximum of the likelihood (Watanabe & Yamaguchi, 2004, p. 18).

As an alternative approach to item parameter recovery under the condition of missing data,
the pairwise method, as briefly mentioned above, could be taken into consideration.

Origins and early applications of pairwise comparisons

When scaling psychometric inventories within the framework of IRT, a fundamental
goal is to identify some items (stimuli) contributing to a latent trait to be measured
in an objective manner. According to the Rasch model, the latent trait would have to
be measured in a specific objective manner i.e. by constructing a metric scale which
satisfies the epistemological principle of generalization of scientific statements (Fischer,
1988). This in turn allows quantitative comparisons for both, items and persons, which
meets scientific demands. Following a definition given by Rasch (1966), such [pairwise]
comparisons can be seen as the foundation of scientific activity in general. The basic
principle in applying pairwise comparisons is to judge several objects presented in pairs
on whether either of the two objects is preferred over the other within one rating task.
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The fundamental goal in applying the method of pairwise comparisons is to derive a
ranking, or even metric system, for k objects if only (subjective) pairwise comparisons
of the objects presented are possible simultaneously. To get a full rank order given k
objects, (g) pairwise rating tasks must be carried out and, as the simplest way of finding
the final rank order of the objects, the number of "wins" and "losses" for each of the k
objects must be evaluated.

An early origin of the method of pairwise comparisons, in the sense of solving such a
practical ranking problem, can historically be located in the beginning of the 20th century
in a non-psychometric context — more specifically in the ranking of chess tournaments
(e.g. Ahrens, 1901; Drobny, 1900, 1901; Tietz, 1900a, 1900b). It resulted from the
necessity to obtain rather objective and fair rankings of some competitors in tournaments
where two competitors were playing each other respectively, either losing, winning or
tying (Drobny, 1900; Landau, 1914). As pointed out by David (1988, p. 9) the historical
origins of the method of paired comparisons can even be traced back to Fechner (1860).
In his book Elemente der Psychophysik [elements of psychophysics] Fechner reported
some results studying the relation between human perception and physical measures.
He found that the point of just noticeable difference in intensity of two physical stimuli
can be expressed as the odds ratio of a stimulus strength and the difference in strength
of the preceding stimulus. The crucial point here was the finding that this relation
between difference in stimulus strength and human perception can be generalized over
several human perceptual modalities and might thus fulfill the requirements of scientific
(objective) measurement as mentioned above.

Those early applications of pairwise comparisons arose from the necessity to find (spe-
cific) objective rankings of either stimulus severity as in the case of psychophysics as
proposed by Fechner, or to rank playing strength as in any sports competitions. However,
both applications share the same goal which also complies with the principles and funda-
mental assumptions for parameter estimation in the framework of IRT. In the context
of ranking chess tournaments it was Zermelo (1929) who first put this ranking problem
into the mathematical context of maximizing the likelihood of a probability distribution
for the assumed playing strength of each chess player. With regard to the ranking of
tournaments Kendall (1955) showed that the ranking can be improved by reallocating
the score of each player by adding the scores of the players they had beaten, which is
numerical equivalent to powering the matrix of pairwise comparisons. As already proved
by Kendall (1955) repeatedly powering the matrix of pairwise comparisons will stabilize
the rankings (David, 1987) and as powering proceeds, the final ordering converges
with the ordering given by the eigenvector of the largest eigenvalue derived from the
comparison matrix (see also: David, 1971; Garner & Engelhard, 2000; Saaty, 2008).

In the framework of the Rasch model the term "specific objective" can be defined as the
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metric order of the items along their difficulties, as expressed in the item parameters
of the model, being invariant with respect to any particular group measured (Rasch,
1960). Furthermore, as repeatedly pointed out by Georg Rasch, specific objectivity can
be expressed in terms of pairwise comparisons (Rasch, 1966; Rasch & Wright, 1979).
Thus pairwise comparisons and measurement applying the Rasch model share generally
the same goal, namely constructing a common invariant even metric (ranking) scale.
How to derive the systematical pairwise comparison of item category frequencies from
the basic equation of the Rasch model, following the approach proposed by Choppin
(1968, 1985), will be shown in a more formalized way in the following section.

Deriving the pairwise method

The equation of the logistic model formulated by Rasch (1960), formalizes the probability
of a person to answer in any but two item categories p (x,;),x € {0,1}, as a logistic
function of the ability 6, of a person v answering to an item i with difficulty o; (see
equation 1).

exvi(evfo_i)

I el6 o M

p (i) =

Equation (1) can be "split" into two equations formalizing the probability for each of the
two answer categories respectively. So the probability of a correct response is (2) and
the probability of a wrong response is given by (3).

e(ev—gi)
== @
p(xvi - 0) = 1 _i,_e(e\»*o'i) 3)

In continuation let us assume that a sample of n persons v (with v = 1...n), has to
answer on two items / and j. Based on the core assumption of conditional stochastic
independence answering to i and j given the person parameter in the Rasch model, the
probabilities of the four possible outcomes answering on the two items achieving a sum
score of either 0, 1 or 2 respectively, may be calculated by combining the probabilities
of the single possible outcomes answering to each item respectively by multiplication.
Thus using (2) and (3) to express the probabilities of any of the three possible raw score
outcomes results in (4) to (7).
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To further estimate the differences in difficulty of the two items i and j we now focus on
the persons being right on item i while being wrong on item j (5) and the other way round
(6), following the approach expressed by Choppin (1968). This is an obvious approach
to follow, as one would not expect to get any information regarding the differences in
item difficulty out of a correct or wrong answer on both items respectively. The joint
probability to achieve a sum score of 1 answering on both items can the expressed by
equation 8.

o(6—0) o(6—0;)
+
(1 + g(evfo'i)) X (1 + 8(91:—(7_,-)) (1 —|—e<6v*ffz‘)) X (1 —|—e(6"_oj)>
3)

The conditional probability to score 1 on item i given the sum score on both items is
Xyi +x,j = 1, that is p (x,; = 1|x,; +x,; = 1), can be expressed as a fraction of (8) and
(5). Thus taking (5) as the enumerator and (8) as the denominator results in (9).

P(xvi+xw' =1)=

e(Bv—0;) 1
11e(®—0) 1+e(9v—o,)
o(Bv=0;) o(0v=5))

(4@ ) x (145700 + (14O ) (145700 )

p (i = 1x,; +x,;,=1) = ©)

By analogy to the possibility of eliminating the item parameter out of the equation in oder
to estimate person parameter in the Rasch model, as expressed in Kubinger (1988, p. 40)
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— see also (Fischer, 1974), the fraction in (9) can be reduced with some mathematical
operations to (10), canceling out the person parameter 6.

e%i

€% + %

pxi=1x,;+x;=1)= (10)

By analogy to equation (10), the conditional probability to score 1 on item j given the
sum score on both items is x,; +x,; = 1 can be expressed as (11).

e%i

p<xvj = 1‘xvi+x"j = 1) = e0i +€Gj (11)

Both probabilities given in (10) and (11) can be estimated from empirical data. That
is counting the number or respondents f; ; who answered right on item i while being
wrong on item j restricted to the subset of n; ; = f; ; + f;; respondents who achieved
a sum score of 1 answering on both items and further counting the number or respon-
dents f;; being right on item j while being wrong on item i restricted to the subset of

nij = fij+ fji

These relations can be expressed in (12) and (13).

fij _ e
nij €%+ e (12)
Jii _ _e¥ (13)

ni; €% +e%

Both relations expressed in (12) and (13) can be rewritten, given n; ; = f; j + f;; for a
person sample of size n. Thus the ratio of the conditional category response frequencies
taken from the person sample can be used to estimate the ratio of item difficulties for the
population respectively, as expressed in (14) and (15).

—

fij €%

f]/l - e(‘;j (14)
. o

i _ e (15)

fij e



Pairwise Rasch Model Item Parameter 13

Taking the natural logarithm over the equations (14) and (15) results in two reciprocal
equations (16) and (17), expressing the estimates of the differences of the item difficulties
as a function of the log odds ratios of f; ; and f;; respectively.

In (j%f) — 6 o (16)
In <£’]> =0,-0; 17)

Likewise to the application of the pairwise comparison approach in a non-psychometric
context, as outlined above, (g) pairwise (item) rating tasks f;; and f; ; must be carried
out with k being the number of items, to get a full metric ranking for the k items. To
allow for an unambiguous identification of the item difficulty parameters that are based
on the relations expressed in equations (16) and (17), an additional restriction must be
introduced. In the framework of IRT that is usually the assumption that the estimated
item difficulty parameters sum to zero.

With respect to any existing missing values in the underlying data matrix used for
estimation, it has to be noted that the occurrence of missing data points does not
necessarily cause any problems in determining f;; and f; ;. This had also been mentioned
by Choppin (1985, p. 34). In the same sense, only individuals being exposed to any pair
of items 7, j (and submitting a valid response on them), contribute to the estimation of the
respective fj; and f; ;, while others don’t. The estimates of the item parameters base only
on the relative ratios of the response category frequencies, regardless of what persons
these frequencies arise — see also (Rasch, 1977). Thus, with regard to incomplete data
matrices, the minimal prerequisite in terms of completeness can be defined as follows.
To successfully estimate all f;; and f; ; of all items on one common scale, it must be
ensured that the observed data matrix cannot be split into two independent data sets
due to item omission, by simply rearranging the persons and items. This would be the
case if a subset of people n; completely omits a subset of the items i; while another
subset of people n; completely omits the subset of items i (with i] # iy and nj # ny).
Such a minimal prerequisite for parameter estimation using the PAIR algorithm matches
a definition already given by Fischer (1981) with regard to the mere existence of any
(item) parameters to be estimated based on a given data matrix — see also (Rost, 2004,
p. 317).

Taking into account the numerical technique within the PAIR algorithm, as derived above,
obviously no standard errors result from the calculation process that way. In contrast to
maximum likelihood based approaches of item parameter estimation returning standard
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errors based on the assumptions of likelihood theory, other methods have to be applied.
The estimation of standard errors, as implemented in the package pairwise (Heine,
2014), is realized by bootstrapping the standard errors. That is repeated calculation of
item parameters for subsamples, which are drawn from the data matrix being analyzed.
This approach is described in a more detailed manner by Brennan (2001, p. 185) in
the framework of the Generalizability Theory first discussed in a 1972 monograph by
Cronbach, Gleser, Nanda, and Rajaratnam (1972) — see also (Cronbach, Linn, Brennan, &
Haertel, 1997). Using bootstrapped standard errors will also mean adopting a technique
that is widely used for estimating variances by analyzing data that is collected by using
complex sampling designs (Rust, 1985; Rust & Rao, 1996).

For the purpose of practical implementation of the formalized derivation given above,
the conditional item category response frequencies as well as the log odds ratios should
be arranged in a matrix format. A simple example in the next section will illustrate
this.

The pairwise method — a simple example

Let’s suppose M is a data matrix that contains the answers of eight persons on four
dichotomous items. The data is coded in the usual 0,1 manner, with O representing a
wrong answer and 1 standing for the correct answer, while a "NA" entry represents a
missing value on the response variable. This matrix M might look like the one depicted
in figure 1.

Item1 Item?2 Item3 Item4

Person 1 1 1 1 0
Person 2 0 1 0 1
Person 3 1 0 0 1
Person 4 1 0 0 0
Person 5 NA 1 1 NA
Person 6 1 1 NA 1
Person 7 NA 0 0 NA
Person 8 1 NA 0 0

Figure 1: Simple example data matrix M.

Please note, that there are some missing data points in this simple example data matrix,
which corresponds to a missing proportion of 18.75 %.
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The first step when applying the pairwise comparison algorithm according to Choppin
(1968) is to count the conditional category response frequencies for each item. In case
of dichotomies that is counting the number of persons who got item 7 right under the
condition of having answered wrong to item j for every item k(i # j). Based on the
simple example data matrix in figure 1 this results in a symmetrical pairwise comparison
matrix C with entries f; ; and f;;, which is depicted in figure 2.

Cij =

—_o = O
_— o O N
DO = W
(=

Figure 2: Pairwise comparison matrix C with entries f; ; and f; ;.

1.0 11.1 12.0 2.1 13.0 I3.1 140 I4.1

Pl o 1 o 1 0 1 1 0
P2 1 o o 1 1 0 0 1
P3 o 1 1 0o 1 0 0 1
Zaata = P4 o 1 1 0o 1 0 1 0
Ps 0 o0 o0 1 0 1 0 0
P6 o 1 o0 1 o0 o0 o0 1
P7 0 o0 1 o0 1 0 0 0
P8 o 1 o0 o0 1 0 1 0

Figure 3: Item category indicator matrix Z derived from data matrix M.

It should be noted, that the matrix C has an analogy to the Burt matrix B (Burt, 1950),
used in correspondence analysis (Greenacre, 1984; Blasius, 2001). The Burt matrix is
computed based on the (item category) indicator matrix Z depicted in figure 3. Z is an
straightforward representation of the data matrix M using a binary indicator (column)
vector for each item category indicating whether the respective category was chosen
(coded 1) or not (coded 0) over all persons and items in M. Special attention has to be
directed to the change in representing missing data points from M in Z. While missing
data points in M carry no numerical information regarding any chosen category of
the respective item, this is different for Z. Here missing data points are coded in that
manner having zero entries in both item category columns of a respective item in Z. The
straightforward approach is to keep the information that none of the offered categories
(0, 1) was chosen by the person for the respective item. Computing the Burt matrix B is



16 J. Heine & C. Tarnai

simply multiplying the transposed indicator matrix Z by itself, that is B = ZT Z. Contrary
to the Burt Matrix B depicted in figure 4 (computed based on Z from M), some columns
and rows are skipped in matrix C.

N W= WD LB O
_—_ 0 W O WO
N =N =B O =
S = NDONO —~O

—_—_O O == O O =
NN O W — W W —
O W =N == WO
LW OO~ N~

Figure 4: Burt matrix B computed from indicator super matrix Z based on responses
inM.

Conferring to this simple example C could be derived out of B by just skipping rows
1, 3, 5 and 7 and columns 2, 4, 6 and 8. Naturally the diagonal of this Matrix C is
filled with zeros, as there is no meaningful comparison of one item with itself. But
note that that there are also off diagonal zeros to be found in this small example, which
could cause numerical problems in the following steps of computation if not adequately
incorporated.

8 15 28 26
7 6 14 11

3 _
G112 4 6
8 8 17 9

Figure 5: Power of 3 for pairwise comparison matrix C.

In the second step of applying the pairwise comparison algorithm, a so called positive
reciprocal matrix with entries /ii/f;; and /ii/f,; must be formed. In case of off diagonal
zeros in the antecedent matrix C, Choppin (1985) showed algebraically that instead
of using the direct comparisons in matrix C, the square of C can be used. As already
mentioned above in this paper, even higher powers of the matrix might be used as
discussed in prior research by other authors (David, 1971; Garner & Engelhard, 2000;
Kendall, 1955; Saaty, 2008). However, with regard to the question which power of
the pairwise comparison matrix to take, one has to consider "how far one would wish
to go on practical grounds’ (Kendall, 1955, p. 50). Taking into account that higher



Pairwise Rasch Model Item Parameter 17

potencies of the comparison matrix can lead to quite large numerical entries soon, it can
be expected that this may be associated with problems in sense of numerical inaccuracies
when calculating the log odds ratios of these entries in the further steps of the algorithm.
Thus, as powering the comparison matrix is only necessary as far as off diagonal zeros
vanish, this can be seen as a sensible criteria to which degree the comparison matrix
should be powered. Under the general condition that all items are proper linked in a
homogeneous scale with an intermediate number of items, no off diagonal zeros should
occur when using at least the power of 3 from C. This is true for the small example data
as can be seen in figure 5.

Forming the reciprocal matrix based on C> along the diagonal leads to the matrix D
shown in figure 6.

8/ T/i5 1/8 8/
15/7 6/6 214 8/11
B/ 14h 4y 1T
2608 1lfg 6/17 9o

Figure 6: Reciprocal matrix D, formed from C3.

To identify the final item difficulty parameters for the four items based on the relations
fii/f;; and fii/f, ; given in matrix D, the natural logarithm of the entries in D are taken and
their row means are computed. This implies constraining the estimated item parameters
to sum to zero for the purpose of model identification.

In order to analyze a data matrix that comprises polytomous items with more than two
answer categories, the procedure of pairwise comparison basically follows the same
underlying principle. To estimate the item category difficulties, each item in the data
matrix is dummy coded forming a 0, 1 coded item—category data (super) matrix. This
matrix is then in turn analyzed in the manner described in the simple example above.
Again, the first step in the pairwise algorithm is to form the symmetrical pairwise
comparison matrix C.

Now, analyzing the dummy coded item—category data matrix, the algorithm is therefore
extended to the comparison of answer frequencies for each category of each item. In
this case, the pairwise comparison matrix Cy; ¢;. with entries f;_ ; represents the number
of respondents who answered to item i in category ¢ and to item j in category ¢ — 1
thus expanding Choppin’s conditional pairwise algorithm to polytomous item response
formats. As there is no meaningful comparison to the answer category frequencies within
one item with itself, there are symmetrical square areas with size (m — 1) x (m — 1), with
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[0 0 0 104 279 105 87 355 59
0 0 0 36 135 128 32 177 95
0 0 0 13 37 26 6 52 32
20 279 135 O 0 0 60 336 66

Cr.=17 105 128 0 0 0 16 152 84
1 22 22 0 0 0o 3 23 3

21 355 177 94 336 152 0 O O
6 59 9 10 66 8 O 0 O
2 9 17 4 9 4 0 0 O

Figure 7: Pairwise comparison matrix C for three items with m = 4 answer categories
(coded from O to 3 ) with entries for conditional category frequencies f;, ;..

m being the number of answer categories, containing zero entries along the diagonal
of the resulting pairwise comparison matrix C. Figure 7 illustrates how such a matrix
C might look like for three items with m = 4 answer categories. Every group of three
columns (from left to right) holds the answer category frequencies f;, ;. for every item
i as a result of the comparison of answer categories i. (for¢c = 1toc¢ = m— 1) with
answer categories j. (for¢c = 0toc = m—2) with every item j (with i # j ), which
are arranged in groups of three rows (from top to bottom).

Applying the pairwise method

In the following section the method of pairwise comparisons for item parameter esti-
mation in the framework of IRT is applied to an empirical dataset. The results of the
estimation of the non-iterative PAIR algorithm as outlined above and implemented in
the R package pairwise, are therefore compared with the results of estimation applying
three other procedures. That are (1) Item parameter estimation with MML as imple-
mented in the software package ConQuest (2) Item parameter estimation with CML as
implemented in the software package WINMIRA and (3) applying CML estimation with
WINMIRA on the prior imputed data using SPSS for the imputation task.

Data and Scale

The data was collected at the Universitdt der Bundeswehr Miinchen (Germany) as part
of lectures in methodology of the social sciences between 1999 and 2002. Altogether
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787 male students took part in a survey covering various aspects of (1) the general
situation of studies at the university and (2) comprising several inventories related to
personality and occupational interests. Thereof 620 students answered questions of
the NEO-PI-R inventory (Ostendorf, 2004) by filling out the paper pencil form of the
inventory. The data matrix used for the subsequent analysis thus comprised n = 620
persons responding to eight questions of the personality scale Self-Consciousness (N4).
The German formulations for the eight items and the respective translations in square
brackets are depicted in table 1.

Table 1: Item formulations for the personality facet Self-Consciousness (N4) in their

German version as used in the present study.

polarity name

text

+ NO17
+ NO047
- NO077
- N107
+ N137
- N162
+ N167
+ N217

Im Umgang mit anderen befiirchte ich hiufig,

dass ich unangenehm auffallen kénnte.

[In dealing with others, I often fear that I could

attract negative attention.)

Manchmal war mir etwas so peinlich, dass ich mich am
liebsten versteckt hiitte.

[Sometimes I felt so embarrassed, that I would have liked

to hide away. ]

Es bringt mich nicht besonders in Verlegenheit, wenn andere
mich verspotten und ldcherlich machen.

[Z don’t feel particularly embarrassed when others mock me
or make fun of me.]

Ich bin selten verlegen, wenn ich unter Leuten bin.

[L am rarely embarrassed when I’'m around people.]

Ich fiihle mich anderen oft unterlegen.

[ often feel inferior to others.]

In Gegenwart meiner Chefs oder anderer Autorititen

fiihle ich mich wohl.

[In the presence of my bosses or other authority figures

1 feel comfortable.]

Wenn ich einer Person etwas falsches gesagt oder angetan
habe, kann ich es kaum ertragen, ihr noch einmal zu begegnen.
If I have said or done something wrong to a person,

1 can hardly bear to meet that person again.]

Wenn meine Bekannten dummen Unfug treiben, so ist

mir das peinlich.

[Whenever my friends engage in any mischief, I feel embarrassed.]

The eight questions had to be answered on a five point Likert answer scale which was
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marked with integer numbers ranging from —2 (completely untrue) to 2 (completely
true). In the preceding written instructions those integer numbers were assigned to verbal
descriptors, which are shown in table 2.

Table 2: Integer marks of the answer categories for the eight items of the personality
facet Self-Consciousness (N4) and their respective verbal descriptors.

integer mark  verbal descriptor
kreuzen Sie an ... [fick ...]
-2 ... wenn Sie der Aussage auf keinen Fall zustimmen oder wenn Sie meinen,
daB die Aussage fiir Sie VOLLIG UNZUTREFFEND ist.
[... if you absolutely disagree with the statement in any case, or if you think
this statement DOES NOT APPLY TO YOU AT ALL. |
-1 ... wenn Sie der Aussage nicht zustimmen oder wenn Sie meinen,
daf} die Aussage fiir Sie UNZUTREFFEND ist.
[... if you don’t agree or if you think
or if you think this statement DOES NOT APPLY to you.]
0 ... wenn die Aussage weder richtig noch falsch ist oder wenn Sie meinen,
dal die Aussage fiir Sie
WEDER ZUTREFFEND NOCH UNZUTREFFEND ist.
[... if the statement is neither right nor wrong or if you feel
unsure about WHETHER OR NOT THE STATEMENT APPLIES to you.]
1 ... wenn Sie der Aussage zustimmen oder wenn Sie meinen,
daf} die Aussage auf Sie ZUTRIFFT.
[... If you agree with the statement or if you think
that the statement APPLIES to you.)
2 ... wenn Sie der Aussage vollkommen zustimmen oder wenn Sie meinen,
daB die Aussage auf Sie VOLLIG ZUTRIFFT.
[if you absolutely agree with the statement or if you feel
that the statement ABSOLUTELY APPLIES to you.]

Negative formulated items, in regard to the measured construct, were reversed in polarity
as described in the instructions manual of the NEO-PI-R inventory prior to further
analysis. Due to sparse use of some of the five answer categories in some items, the two
categories 3 and 4 where collapsed. The resulting raw item category frequencies are
depicted in table 3.

Method

The pairwise method was tested against other typically applied methods of item parame-
ter estimation in the field of social sciences. For this purpose the analysis dataset was
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Table 3: Frequencies of collapsed answer categories for eight items of the personality
facet Self-Consciousness (N4); n = 620.

NO17 NO047 NO77 NI07 NI37 NI162 NI167 N217
missing 0 0 0 0 0 0 0 0
score 0 123 44 40 73 170 34 69 49
score 1 257 162 188 318 320 199 270 211
score 2 216 306 322 215 123 362 254 331
score 3 24 108 70 14 7 25 27 29

first estimated at baseline (containing no missing values) with three different software
programs incorporating there different types of item parameter estimation methods in
the framework of Item Response Theory (IRT). The underlying estimation model was
the Partial Credit Model (PCM — Masters, 1982) for a polytomous response format.

The methods used were (1) PAIR algorithm as described in the previous sections, imple-
mented in the R—package pairwise (Heine, 2014), (2) CML estimation implemented in
the stand alone software package WINMIRA (von Davier, 2001), and (3) MML estimation
as implemented in the software package ConQuest by Wu et al. (2012). Addition-
ally a fourth procedure of parameter estimation with missing data was incorporated
by imputing the missing dataset at several stages of missingness prior to CML esti-
mation performed with WINMIRA. The data imputation task was performed using the
fully conditional specification (FCS), that is an iterative Markov Chain Monte Carlo
(MCMC) method which is appropriate when the data have an arbitrary (monotone or
non-monotone) missing pattern as implemented in SPSS (2010).

Before drawing any inferences from empirical data based on the assumptions of the
Rasch model the global model fit for the empirical data should be tested using a reliable
model fit test (Heene, Draxler, Ziegler, & Biihner, 2011). A frequently used test — which
is also implemented in the standalone software WINMIRA — is the Pearson y - statistic.
This test is based on the differences between the observed and expected (response)
pattern frequencies given the model assumptions. As a consequence from using multi-
level response formats, which in turn leads to large number of possible patterns, the
asymptotic conditions for the interpretation of the y? - statistic are often not met in
most cases of empirical research (e.g. Biithner, 2006, p. 341). As a solution von Davier
(1997) proposed a parametric bootstrap method to generate the sampling distribution
of the test statistic. However Heene et al. (2011) showed that this procedure might
fail to reject non-fitting data. Hence a graphical model check was used for the present
study to test whether the empirical data at baseline satisfies the assumed model being
estimated. Additionally local model violations were examined based on item fit estimates.
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A respective functionality which is available in the R package pairwise (Heine, 2014)
was used for these tests — the graphical model check as well as the evaluation of item fit
statistics, based on the standardized mean squared residuals (Wright & Masters, 1982,
p. 100).

To further investigate the quality of the respective item estimates under a continuing rise
in percentage of missing data, the baseline dataset was artificially charged with missing
data points. Thus, starting with the complete baseline data, missing data points were
added in a step-wise procedure using 5 % steps ranging from 5 % to 40 %. The four
procedures of item parameter recovery were applied to every level of missing data to
the respective data matrix. The underlying process of simulated missing data followed a
random distribution as sampled over the eight items of the N4 scale. The simulated data
loss mechanism could therefore be assumed to be more or less MCAR.

Results

Serving as a first verification of the global model fit a graphical model check was
performed. The baseline data was divided at the median of the raw score distribution
(M; = 12) into two subsamples. Then the item parameters were estimated for the two
subsamples and were plotted on the x and y axis against each other. Unfortunately
for item N137 this resulted in substantial deviation from parameter equality of the two
subsamples due to low cell frequencies in the fourth category (score 3) of this item (see
table 3). Hence it was excluded from the global fit test. The graphical Model Check for
the remaining seven items is depicted in figure 8.

As can be seen some of the remaining seven items show some minor deviations from
the diagonal of the plot. This provides some evidence for a moderately overall fit of
the estimated model. In order to get a more detailed insight into the model fit, a closer
look at any existing local model violations is given by inspecting the item fit statistics
as depicted in table 4. Following the recommendations in interpreting the mean square
residual fit statistic as given in Bond and Fox (2006), the item fit can be interpreted as
rather conform to the assumptions of the model estimated. Thus the present dataset may
be a sufficient starting point for further analysis concerned with comparing the different
methods of item parameter estimation at different stages of missing data.

To visualize any existing deviations of the parameter estimates resulting from different
estimation approaches, the Thurstonian thresholds of the item answer categories were
plotted. The resulting item parameters and their respective standard errors from the
baseline estimation — no missing data points — comparing CML, MML and the PAIR
algorithm are depicted in figure 9. The results show a rather good match of the estimates
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resulting from the four methods, plotted as Thurstonian threshold lines. The respective
numerical results for the point estimates as well as their respective standard errors for
the three estimation algorithms (at baseline) are outlined in table 5.

For further comparisons at different levels of missing data, the estimates resulting out
of MML estimation using ConQuest were transformed into Thurstonian thresholds to
be comparable with the parameter estimates resulting from WINMIRA and pairwise.
Figure 10 shows the Thurstonian threshold lines for the three algorithms applied at a
rate of 35 % of missing data and their respective deviations from baseline estimation.

Logits lower sample

[ I I I I 1
-1.5 -1.0 -0.5 0.0 0.5 1.0

Logits upper sample
Figure 8: Graphical Model Check based on two subsamples (median split; M; = 12)

plotting the respective item parameters for seven items and complete data;
n = 620.
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Table 4: Item Fit statistics for complete data; n = 620.
Chi  df p OUTFITMSQ OUTFIT.ZSTD INFITMSQ INFIT.ZSTD

NO17 52834 619 1.00 0.85 -3.00 0.84 -3.39
NO47  543.18 619 .99 0.88 -2.37 0.88 -2.28
NO77 55590 619 97 0.90 -1.93 0.90 -1.97
N107 49554 619 1.00 0.80 -3.94 0.80 -3.99
N137 506.54 619 1.00 0.82 -3.75 0.82 -3.64
N162  596.50 619 74 0.96 -0.61 0.95 -0.95
N167 53579 619 .99 0.86 -2.67 0.86 -2.71
N217 576.55 619 .89 0.93 -1.26 0.94 -1.18

Table 5: Thurstonian thresholds (1,2,3) point estimates (est.) and standard errors (SE)
for pairwise (PAIR) and WINMIRA (CML) and ConQuest (MML) at baseline
(no missing data); n = 620.
pairwise ConQuest WINMIRA
1 2 3 1 2 3 1 2 3
NO17 est. -1.41 —0.04 273 —1.40 —0.02 249 —139 —0.05 251
SE 0.11 0.12 0.23 0.11 0.10 0.14 0.06 0.08 0.09
N047 est. -224 —1.05 098 —221 —1.09 .06  —222  —1.09 1.03
SE 0.15 0.10 0.12 0.10 0.09 0.13 0.06 0.10 0.08
NO77 est. -240 —0.94 1.52 =243 —-0.95 1.60 —-244 —0.96 1.58
SE 0.17 0.12 0.14 0.12 0.09 0.14 0.06 0.09 0.09
N107  est. -2.31 0.25 273 =2.17 0.18 3.04 -2.18 0.15 3.08
SE 0.13 0.10 0.31 0.13 0.10 0.16 0.07 0.08 0.09
N137 est. -1.21 0.92 370 —1.17 0.90 333 —1.18 0.87 3.44
SE 0.09 0.12 1.35 0.10 0.12 0.15 0.07 0.08 0.11
N162 est. -235 —1.00 2.74 -2.64 —0.98 281 —=2.65 —0.99 2.83
SE 0.21 0.09 0.18 0.15 0.10 0.17 0.07 0.09 0.09
N167 est. -2.06 —0.22 237 =211 —0.21 247  —211 —023 2.49
SE 0.14 0.11 0.21 0.12 0.10 0.15 0.07 0.09 0.09
N217  est. -2.21 —-0.77 229 =229 —-0.80 259 =230 —-0.81 2.60
SE 0.15 0.11 0.18 0.17 0.14 0.19 0.07 0.09 0.09
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Logits
0

NO47 —
NO77 —
N107 —
N137 —
N162 —
N167 —
N217 —

NO17 —

Figure 9: Thurstonian threshold point estimates and SE for PAIR (solid lines) and CML
(dashed lines) and MML (dotted lines) at baseline (no missing data); n = 620.
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To serve as a summary the gradient of the range of deviations for item parameter
estimates at several stages of percentage of missing data for the three algorithms is
illustrated in figure 11. In that graph, the positive and negative maximum of deviations
of the point estimates for the item parameters from the respective baseline measurement,
estimated at increasing proportions of missing values, are plotted along x-axis for the
four methods of item parameter recovery.

It has to be mentioned that, depending on the method of item parameter recovery,
different approaches of handling the missing data, as implemented in the respective
software package, were applied. For the CML approach without prior imputation
task (see also top left panel in figure 10), as implemented in WINMRA for example, the
handling of missing values was simply list wise deletion. Thus it should be noted that
the percentage values that are plotted on the x-axis, always refer to the complete baseline
data set with n = 620 participants.

Logits
0
1

-2

-4
L
7/

r T T T T T T T 1
0% 5% 10 % 15 % 20 % 25% 30 % 35 % 40 %

% missing data

Figure 11: Gradient of range of deviations of item parameter point estimates at several
percentages of missing data from baseline estimates for PAIR (solid lines),
CML (dashed lines), CML with imputation (dotted-dashed lines) and MML

(dotted lines).
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Conclusion

The present paper introduced an alternative approach to pairwise item parameter recovery
in the framework of IRT. The main benefit of this approach lies in its easy application to
incomplete data matrices, even at higher rates of missing data points. It was outlined
that this approach has some analogies to applications in tournament rankings in a non-
psychometric context. Furthermore it was argued that it shares some fundamental
assumptions and characteristics of the Rasch model. Starting with the basic equation
of the Rasch model the numerical technique of recovering the item parameters with the
pairwise comparison approach was derived. By means of a simple example the method
introduced here was illustrated.

In the empirical part of the present paper a real dataset was analyzed applying the pairwise
approach and three other methods to the same data set with increasing proportions of
missing responses. The graphical model check and the item fit indices performed on
the baseline data set using the functionality of the package pairwise indicated in an
acceptable model fit, thus the data were taken as basis for further analysis. With regard
to the standard errors returned by applying a bootstrap approach as implemented in
the pairwise package (see figure 9) the large standard error for the point estimate of
the third threshold for item N137 has to be mentioned. Inspecting the item category
frequencies depicted in table 3 the increased standard error for the third threshold
parameter seems to be fairly obvious, with respect to the low cell frequencies for the
fourth category of item N137. More over having a closer look at the item formulations
given in table 1 for that item and furthermore taking into account the somehow special
sample comprised male military recruits, it seems rather clear that this item might not be
well targeted for this sample. Or to put it the other way round, the sample in this case
seems not to be very eligible for the purpose of calibration of that item. Thus considering
the low cell frequencies or rather the skewed distribution of responses for that item, the
increased standard error seems quite logically to reflect the uncertainty of measurement
when calibrating that item and using this sample. Nevertheless the point estimator for
that threshold parameter matches the results from the other applied methods reasonably
well. Referring to figure 9 one can even claim that the threshold estimates resulting
from PAIR perfectly match those resulting from MML and CML estimation at baseline.
Results from the estimation under the condition of 35 % missing reveals a relatively good
performance in parameter recovery for PAIR as well as for MML estimation (compared
to their respective baseline estimate). Accordingly the pairwise method can determine
the item parameters of the Rasch model even under the difficult conditions incorporating
missing values or low response category frequencies.

In addition to that some limiting aspects have to be mentioned. With regard to the mini-
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mum simulation scenario no replications (at any stage of missing data) were calculated
in this case. As a result the respective deviations of item parameter estimates reported
here, may in a way only represent a first snapshot regarding the impact of missing data
on different estimation approaches. Also, in this case, the simulated data loss mechanism
charging the baseline data was assumed to be completely at random (MCAR). This is
certainly the easiest and probably most unproblematic assumption in regard to item
parameter recovery in the framework of IRT. Therefore, an important question could be
whether the performance of the four methods of item parameter determination would
develop under different assumptions regarding the data loss mechanism (additionally
MAR and MNAR), depending on the proportion of missing values. As a consequence
future research should concentrate on further simulation (1) comprising replications at
different stages of missing data and (2) should include the investigation of several data
loss mechanisms and their impact on different approaches of item parameter recovery,
including the pairwise approach introduced here. However, the empirical example and
the minimal simulation scenario conducted here, support some evidence for the perfor-
mance of the pairwise method. Even with a relatively large number of missing data
points, the item parameter of the Rasch model were determined quite well (1) compared
to their respective baseline estimation using the complete dataset and (2) compared to
other estimation approaches at baseline.

With regard to the numerical approach within the pairwise method of explicitly cal-
culating the item parameters it has to be mentioned that this does per se not lead to
standard errors derived from likelihood theory as in other approaches. Thus a somewhat
more complex approach to solving this problem had to be selected, namely performing
bootstrapped standard errors by repeatedly calculating the item parameter based on
subsamples. Although this might at first seem to be the critical or somewhat laborious
point of the method, it must be emphasized that particularly this method of calculating
standard errors might offer some advantages. As regards stratified large-scale samples
not following a simple random selection approach when sampling the population, boot-
strapping the standard errors is a common practice (Rust & Rao, 1996), not least because
in such complex sampling designs formulas for the explicit calculation of standard errors
are not always appropriately derivable (Rust, 1985). Hence sampling and replication
weights are often introduced in such sampling designs to account for unbiased estimation
of item parameter point estimates and standard errors. However, not yet implemented
in the current version of the package pairwise, the use of sampling and replication
weights for estimating item parameters as well as their standard errors could easily be
implemented in the PAIR algorithm due to its explicit numerical approach. The consider-
ation of case weights for item parameter estimation within the pairwise approach would
therefor follow a principle already expressed in literature about pairwise comparisons.
Kendall (1955) showed that taking into account the differences in reliability in judges,
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rating several objects by means of pairwise comparisons, could be expressed by intro-
ducing weights for each rater. By analogy, the item rating of each person in the sample
might be simply weighted using the respective case weight when calibrating items using
a stratified sampling design. The application of the pairwise method could hence be
particularly useful in such complex sample designs.
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The R-Package pairwise

The package pairwise used in this paper is available from the website of the compre-
hensive R Archive Network at http://CRAN.R-project.org/package=pairwise. Within
the package pairwise the item parameters are explicitly calculated with the func-
tion pair() using an non-iterative pairwise comparison approach (Choppin, 1968,
1985). This method provides least squares estimates of the item parameters (Garner
& Engelhard, 2000). Person parameters can be estimated within the package under
the assumption of fixed item parameters following a weighted likelihood approach in-
troduced by Warm (1989), using the function pers (). For the resulting objects out
of these two main functions several plotting and summary S3—Methods are available.
Item- and person fit statistics are provided by the functions pairwise.item.fit()
and pairwise.person.fit () respectively. These fit statistics are calculated based
on the squared and standardized residuals (Wright & Masters, 1982, p. 100), based on
the observed and expected person-item matrix. To detect multidimensionality within a
set of Items a rasch—-residual-factor—analysis proposed by (Wright, 1996) and further
discussed by Linacre (1998) can be performed using the function rfa().
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